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|~t | \ Abstract 

The second part of our work on operator synthesis deals with individual operator 
synthesis of elements in some tensor products, in particular in Varopoulos algebras, 
r- — i" and its connection with linear operator equations. Using a developed technique of 

"approximate inverse intertwining" we obtain some generalizations of the Fuglede 
and the Fuglede- Weiss theorems and solve some problems posed in H3 MM MM- 
i -^h | Additionally, we give some applications to spectral synthesis in Varopoulos algebras 

0^ ■ and to partial differential equations. 

(M : 1 Introduction 

> : 

This work is a sequel of |ShTj where the problems of operator synthesis were treated "glob- 
ally" for lattices of subspaces, bilattices, or, in coordinate setting, for subsets of direct 
products of measure spaces. Here we consider operator-synthetic properties of elements of 
some tensor products, first of all of the Varopoulos algebras V(X, Y) = C(X)<g>C(Y). The 
topic is deeply connected to the theory of linear operator equations and, more generally, 
to the spectral theory of multiplication operators in the space of bounded operators and 
in symmetrically normed ideals of operators. We obtain some extensions of the Fuglede 
and Fuglede- Weiss theorems, answer several questions posed in [Q j IW2| TW3j . give applica- 
> ! tions to spectral synthesis in Varopoulos algebras and (somewhat unexpectedly) to partial 
! differential equations. 

Let us describe the results of the paper in more detail. In Section 2 we consider 



some pseudo-topologies and functional spaces on direct products of measure spaces. Basic 
definitions and results from PAJ and |ShT| related to operator synthesis for subsets in a 
direct product X x Y are recalled. It is proved that a subset with a scattered family of 
X-sections is equivalent to a countable union of rectangles. A consequence which is used 
later on is that the set of all solutions (x, y) of an equation of the form Y^h=\ a i{ x )bi{y) = 
is a union of countable family of rectangles and a set of measure null. A special case of 
this result was established in |W2| Proposition 12]. 
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Section 3 deals with a kind of spectral synthesis in commutative Banach algebras - 
the synthesis with respect to Banach modules. The real distinction of this theory from 
the classical one is that given a module we get a special class of ideals, the annihilators of 
subsets in the module, and work with them only. Here our aim is to compare the conditions 
for an element to be synthetic with respect to a module and to admit spectral synthesis 
in the algebra. We also relate these conditions to spectra and spectral subspaces of the 
corresponding multiplication operators. 

In Section 4 the approach is reduced to the case of operator modules over Varopoulos 
algebras. Let //, v be regular measures on compacts X, Y and Hi, H2 the corresponding 
L 2 -spaces. Then the space B(Hi,H 2 ) of all bounded operators from Hi to H 2 becomes a 
V(X, F)-module with respect to the action (/ <g) g) -T = M g TMf, where Mf, M g are the 
multiplication operators. It is proved that F G V(X, Y) admits spectral synthesis iff it is 
synthetic with respect to all modules of this kind. This allows to obtain results on spectral 
synthesis in an operator-theoretical way. The following auxiliary statement (Corollary 14. 8j) 
appears to be useful: a function F G V(X,Y) is synthetic with respect to B(Hi,H 2 ) iff 
the space of all solutions of the equation F ■ X = is reflexive (in the sense of [LShj) and 
iff the O-spectral subspace of the operator of multiplication by F coincides with its kernel. 

The topics of Section 5 are linear operator equations of general type and modules over 
weak*-Haagerup tensor products of Loo-algebras. Some estimates for the action of a linear 
multiplication operator with normal coefficients on its O-spectral subspace are obtained. 
The extension of the approach allows to relate the topic with global operator synthesis. 

In Section 6 we develop a general technique which relates solutions of the "same" 
linear equations in different linear topological spaces. More strictly speaking we are given 
two operators, S and T, acting in spaces X, 2), and a linear injection, $ : X — ► 2), that 
intertwines them: T$ = $£. Our main tool then is the "approximate inverse intertwining" 
(All), that is a net {F a } of maps from 2) to X satisfying the conditions that F Q $ — > 1^, 
QF a — ► lsg and F a T — SF a — > X in the topology of simple convergence. It appears 
to be possible to obtain some non-completely trivial results on inclusions of images or 
norm-inequalities in such a general abstract scheme. 

In applications of the All-technique to linear operator equations, the spaces X, 2) are 
symmetrically normed ideals of the algebra B(H) (actually the case 2) = B(H) is the 
most important) and S, T are the restrictions of a multiplication operator A to X, 2). 
The conditions under which an All exists are considered in Section 7. They are close 
in spirit to Voiculescu's conditions of quasidiagonality modulo a symmetrically normed 
ideal, but formally are more weak: instead of the condition \\[A, P n ]\\ -* we need only 
the boundedness of the norms ||[^4, P n }\\ (semidiagonality). Note that for the usual oper- 
ator norm the semidiagonality holds automatically while quasidiagonality is an intriguing 
property which was explored in a great number of publications. We discuss examples of 
Sp-quasidiagonal families; the most simple ones are families of weighted shifts (p = 1) and 
families of commuting normal operators with thin joint spectra. 

In Section 8 the applications of All's to the problem of triviality of the trace of a 
commutator and to some related problems are gathered. In jWlj Weiss proved that if a 
commutator [A, X] of a normal operator A and a Hilbert-Schmidt operator X belongs to 
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©i then tr(LA, X]) = 0. In Proposition 18. II we extend this result as follows: if a family, 
{A k }^ =1 of operators is © P/ /( p _i)-semidiagonal and if a sum ^LJ^-fc, X k ] belongs to ©i 
then tr(5^^ =1 [Afc,Xjj,]) = 0. We answer also some questions posed in |Wlj and jOj which 
are formulated in purely function-theoretical terms but in their essence are about the trace 
of (sums of) commutators. 

The famous Fuglede Theorem can be formulated as the equality ker A = ker A , where 
A(JT) = AX-XA, A(X) =A*X-XA* and A is a normal operator. Weiss |WT] strengthen 
the result to ||A(X)|| 2 = ||A(X)|| 2 . Weiss also proposed to consider the case when A is 
a more general multiplication operator A(X) = ^2, keK B k XA}. with commuting normal 
coefficients and A(X) = Y,k&K B l XA l- He proved the equality ||A(X)|| 2 = ||A(X)|| 2 in 
the case when K is finite and both parts of the equality are finite (that is A(X) and A(X) 
belong to © 2 ). In general, these restrictions can not be dropped ( |Shlj ). We show that 
if the Hausdorff dimension of the joint spectrum of the family {A k } does not exceed 2 
the equality holds without the restrictions. We discuss also a "non-commutative version" 
of the Fuglede Theorem: ker A A = ker A, where A is arbitrary (the coefficients are not 
supposed to be normal or commuting). It is proved in Theorem 19 . 1 1 1 hat the equality holds 
if {Ak}keK is 1-semidiagonal. 

In Theorem IQ1 we show the inequality ||A(X)|| 2 > ||A(X)|| 2 for A(X) = AX — XB, 
provided that A and B* are hyponormal operators of finite multiplicity. 

Section 10 is devoted to multiplication operators with normal finite families of coeffi- 
cients. It is proved that the ascent of such an operator does not exceed d/2 where d is 
the Hausdorff dimension of the joint spectrum of the left coefficient family. This result is 
applied in Section 11 to the evaluation of the number on which the chain of closed ideals 
generated by the powers of an element F of a Varopoulos algebra is stabilized. In particu- 
lar, it is proved that if F(x, y) = Ylk=i fk( x )9k(y) £ V(X, Y), dimX < 2 and the functions 
fk are Lipschitsian then F admits spectral synthesis. 

Our last application is to partial differential equations with constant coefficients. Corol- 
lary HHU states that the space of all bounded solutions of the equation p(i-£^, i-^)u = 
depends only on the variety of zeros of the polynomial p. 

The authors are grateful to Gary Weiss for stimulating results, questions and discus- 
sions. 

The work was partially written when the first author was visiting Chalmers University 
of Technology in Goteborg, Sweden. The research was partially supported by a grant 
from the Swedish Royal Academy of Sciences as a part of the program of cooperation with 
former Soviet Union. 

2 Pseudo-topologies and functional spaces on direct 
products of measure spaces 

Let (X, /i), (Y, v) be standard measure spaces with finite measures, m = /jxi/ the product 
measure onXxF. In this section we recall some definitions and results from |A" 1 IEKS[ IShTj 
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and obtain a few others auxiliary results. 

A rectangle in X x Y is a measurable subset of the form Ax B, where A G X , B G Y . 

A subset E G X x Y is called marginally null (with respect to fi x v) if E C (Xi xF)U 
(X x Yi) and jti(-Xi) = v(Y\) = 0. Two subsets E\, E 2 are marginally equivalent (Ei ~ M £2 
or simply E\ = E2) if their symmetric difference is marginally null. Furthermore, E\ G M E2 
means that E x \ E 2 is marginally null, a property holds marginally almost everywhere if it 
holds everywhere apart of a marginally null set, and so on. 

A subset E is called pseudo-open (more strictly, tu-pseudo-open) if it is marginally 
equivalent to a countable union of measurable rectangles. The complements of pseudo- 
open sets are pseudo-closed sets. 

It is easy to see that the family of all pseudo-open sets defines a pseudo-topology on 
X x Y: it is stable under finite intersections and countable unions. This pseudo-topology 
is denoted by u>. 

A complex-valued function / on X x Y is pseudo-continuous if /-preimages of open sets 
are pseudo-open. It is known ( jEKSj ) that pseudo-continuous functions form a functional 
algebra on X x Y. In particular, all functions of finite length f(x,y) = Y^i=i a i{ x )^i{v) 
(with measurable 6j) are pseudo-continuous. 

Set V(X,Y) = L 2 (X, /S)<§)L 2 (Y, u), where <§) denotes the projective tensor product. 
Clearly, every \I> G V(X, Y) can be identified with a function \& : X x Y — > C which admits 
a representation 

00 

*(x,y)=Y i f n (x)g n (y) (1) 

n=l 

where /„ G L 2 (A,/i), g n G L 2 (Y, v) and Yln=i \ \fn\W • \\9n\W < °o. Such a representation 
defines a function marginally almost everywhere (m.a.e.), so two functions in T(X,Y) 
which coincides m.a.e. are identified. L 2 (X, /x)®L 2 (Y, z/)-norm of ^ is 

00 

ll^llr = mf J^H/nllLa ■ lbn||L 2 , 
n=l 

where the infimum is taken over all sequences /„, g n for which (0) holds m.a.e. 

We consider also the space V°°(X, Y) of all (marginal equivalence classes of) functions 
*&(x, y) that can be written in the form ([I]) with /„ G L°°(X, [/,), g n G L°°(F, v) and 

00 00 

J2\fn( x )\ 2 <C, xex, Y,\9n(y)\ 2 <C, yeY 

n=l n=l 

The least possible C here is the norm of \l/ in V°°(X, Y). In tensor notations V°°(X, Y) = 
L°°(X,^)® L°°(y,z/), the weak*-Haa gerup tensor product ( BSm], see also jS], where 
these are called measurable Schur multipliers). Since measures /1, v are finite, V°°(X, Y) C 

r(x,Y). 

Lemma 2.1. /EX^/ All functions * G T(X,y) are u -pseudo-continuous. 
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Now we discuss the null sets of (families of) functions in T(X,Y). We say that F G 
T(X, Y) vanishes on E C A x Y if F\e — m.a.e., xe being the characteristic function 
of E. For T C T(X,Y), the null set, null T, is defined to be the largest, up to marginal 
equivalence, pseudo-closed set such that each function F G T vanishes on it. If E is a 
pseudo-closed subset of X x Y, let 

= {F e F(X, Y) | F vanishes on E}, 

$o(E) = {F G T(X, Y) | F vanishes on a nbhd of E}, 

where by a neighborhood we mean a pseudo-open set containing E and the closure is taken 
in F(X,Y). By |ShTj [Theorem 2.1], &o{E) and $(£7) are the smallest and the largest 
invariant (with respect to the multiplication by functions / G L^X, //) and g G L 2 (Y, u)) 
closed subspaces of T(X, Y) whose null set is E. 

We will also need another pseudo-topology on X x Y. Let us say that a subset E C 
X x Y is r-pseudo-open if it is a union of an m-null set and a countable family of rectangles. 
It is not difficult to check that the class of all such sets is stable under finite intersections 
and countable unions. Clearly, the pseudo-topology r is stronger than to. In particular, all 
functions of finite length and functions in T(X,Y) are r-pseudo-continuous. 

Our next aim is to obtain some sufficient condition for a set to be r-pseudo-open. 

For U, V C X let us write U V if //([/ \ V) = 0. If U C» V and V U we say 
that [/ and V are //-equivalent and write U ~ M V. 

A family of measurable subsets of X is called //-scattered if any decreasing sequence 
Ui D U-z D . . . of its members //-stabilizes (that is U n ~ M ?7 n+ i ~ M U n+2 ~ ... for some n). 

Let now E be a subset of X x K. An X-section of is a subset of the form 

E y = {x G X | (x,y) G S}. 

£7 is called X -scattered if the family of all finite intersections of its A-sections is //-scattered. 
The following result gives us important examples of A-scattered sets. 

Proposition 2.2. Let h(x,y) be a complex-valued function on X x Y that has a finite 
length, that is h(x,y) = ^2 i=1 ai(x)bi(y), where a« and hi are measurable. Then 

E = {(x,y)\h(x,y) = 0} 

is an X-scattered set. 

Proof. Let a : A -> C N , b : A -> C w be defined by a(x) = {^(x)}^, 6(y) = 

For any y EY, the A-section S y is the preimage with respect to a of the hyperplane 

JV 

i=i 

Since intersections of hyperplanes must stabilize, the family of their preimages is scattered. 

□ 



5 



It is easy to see that any set, which is m-equivalent to a finite union of rectangles, is 
X-scattered. 

Theorem 2.3. Any X-scattered set is m-equivalent to a countable union of rectangles. 

Proof. Let E C X x Y be an X-scattered set. Denote by U the set of all countable unions 
of rectangles and set 

m(E) = sup{m(C/) | U E U, U C m E}. 

Choosing U n G U with U n C m E and m(U n ) > m(E) - -, we set U = U2° =1 C/ n . Then 

n 

m(U) = m(E), U e U, U d m E. Hence the set S = E \ U has the property that 
m(S fl LT) = for any rectangle II C m E. It remains to show that m(S) = 0. 

We define a measure v on X by i'(A) = m(S C\ (A x Y)) . Clearly, v /j, whence by the 
Jordan Theorem X = X U X u X n Xi = 0, z/(X ) = and v ~ /i on X x . If /i(Xi) = 
then m(S') = and we are done. 

Assume fJ,(Xi) ^ and let E ± — E fl (X x x F). Clearly ^ is X-scattered. Let 
Ai D A 2 D . . . D A n be a maximal chain in the family of (the equivalence classes of) 
finite intersections of X-sections of E\, and let A be its final non-zero element (A = A n 
if fi(A n ) 7^ 0, A = A n _i otherwise). Then any X-section of E\ either /x-contains A or is 
//-disjoint with A. Set 

K = {y E Y | A C M E\}. 

Then all X-sections of the set (Ax (Y\ K)) fl E 1 are //-null. Therefore m((A x (Y \ K)) n 
Ei) = 0, m((A x (y \ X)) nS) = and m((A x X) n 5) = m((A x Y) S) — u(A) ^ 
(because [x(A) ^ 0). 

On the other hand, (Ax K) \ E\ has //-null sections whence m((A x K) \ E±) = 0. 
Thus the rectangle II = A x K is m-contained in and has non-trivial intersection with 
S, a contradiction. □ 

Corollary 2.4. ^4 pseudo-closed X-scattered set is t -pseudo- open. 

Proof. Let E be a pseudo-closed X-scattered set. If LT C m E, where LT is a rectangle, then 
II C M E. Indeed, m(U nn')=0 for each rectangle IT C E c so n n IT ~ M 0. 

It follows that LT can be changed by a sub-rectangle II of the same measure such that 
fl C E. This clearly implies our statement: since E ~ m U^LTj we have E ~ m U^LTj C 
E. □ 

Corollary 2.5. The set of zeros of a function of finite length is t -pseudo-open. 

Now it is easy to deduce a more general result. 

Corollary 2.6. Let hj, 1 < j < n, be real-valued functions of finite length on X xY . The 
set 

E = {{x,y)\hj{x,y)<Q,l<3<n} 

is r -pseudo-open. 
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Proof. Clearly E = r$ =1 E j} where E, = {(x,y) \ hj(x,y) < 0}, and Ej = Fj U E'J, where 

F/ = {(x,y) | h 3 (x,y) = 0}, E] = {{x,y) | h 3 {x,y) < 0}. 

All Ej are r-pseudo-open by Corollary 12.51 All E" are opseudo-open by Lemma 12.11 and 
hence r-pseudo-open. □ 

For us the space F(X,Y) is important because it is predual to the space of bounded 
operators, B(Hi, H 2 ), from Hi = L 2 (X, /i) to H 2 = L 2 (Y, v). The duality is given by 

oo 

(T,*) = Y,{Tf n ,g n ), 

n=l 

with T G B(Hi, H 2 ) and y) = E"=i U{x)g n (y). 

Let P{/ and denote the multiplication operators by the characteristic functions of 
U C X and V G Y. We say that T e B(Hi, H 2 ) is supported in E C X xY (or E supports 
T) if QyTPjj = for each Borel sets U C X, V C F such that (£/ x y) n£ = 0. Then there 
exists the smallest (up to a marginally null set) pseudo-closed set, supp T, which supports 
T. More generally, for any subset Wl C B(Hi,H 2 ) there is the smallest pseudo-closed set 
supp 971, which supports all operators in 3Jt. In the seminal paper jX] Arveson defined a 
support in a similar way but using closed sets instead of pseudo-closed (in his setting X, Y 
are topological spaces). This closed support, supp A T can be strictly larger than supp T. 

For any pseudo-closed set E C X x Y the set, Wl max (E), of all operators T, supported 
in E, has support E and is the largest set with this property. It is easy to check that 
9Rmax{E) is a Pi x D2-bimodule, where T>i, T> 2 are the algebra of multiplications by 
functions in L^X^fj) and L co (Y', v) respectively. There is also the smallest bimodule 
Wl min (E) C B(Hi,H 2 ) with support equal to E and, moreover, 

Wl max (E) = $o( J E) ± , Tl min (E) = HE) 1 . 

(see jShTj ). We say that a pseudo-closed set E C X x Y is operator synthetic (or \x x z/- 
synthetic) if the following equivalent conditions hold: 

• $(£) = $<,(£)• 

• tyytmax \E) 9Jt m j n (-Z?) . 

• (T, F) = for any T G B(H U H 2 ) and F G T(X, Y) with supp T C E C null F. 

In further sections we will use also the following characterization of 9Jl m i n (E) by pairs of 
projections. Identifying projections P G B{l 2 )®T>i and Q G B{l 2 )®V 2 with projection- 
valued functions P(x) : X —>■ B{1 2 ) and Q(y) : V — ► B(l 2 ) we say that a pair (P,Q) is an 
E-pair if P(x)Q(y) vanishes on E m.a.e. Then by jEEp [Corollary 4.4] 

attmm(P) = {T G P(Pi, P 2 ) | Q(l ® T)P = for any P-pair (P, Q)}. 
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3 Synthesis with respect modules over Banach alge- 
bras 



Let A be a semisimple, regular, commutative Banach algebra with unit and let Xa be its 
spectrum. For any a G A we shall denote by a its Gelfand transform and set 

null(a) = { X G X A | a( X ) = 0}. 

More generally, for any subset B C A, we define null(B) as n ae sn-u//(a). 
To any closed subset C there correspond ideals 

1(E) = {r G A | f _1 (0) contains E}, 
J (E) = {r G A | f _1 (0) contains a nbhd of £} and J(E) = J (E). 

It is known that null(J(E)) = null(I(E)) = E and J(E) C K C /(-E), for any closed ideal 
K with null(K) = E. 
For a G A we define 

J a = I(null(a)), 
J a = Jo(null(a)), and J a = J {null (a)) . 

One says that a E A admits spectral synthesis if a G J a . 
Let M be a Banach A-module. For any x G M set 

ann(x) = {a e A \ a ■ x = 0}, 
Supp(x) = null(ann(x)) . 

Then ann(x) is a closed ideal and Supp(x) is a closed subset in X^. 

In a similar way one defines ann(N) and Supp(N) for arbitrary subset iV C M. 

Definition 3.1. We say that an element a G A admits synthesis (or IS synthetic) with 
respect to an A-module M if a ■ x = for any a; G M such that Supp(x) C null(a). 

Example 3.2. A is a module over itself with the action defined by a ■ x = ax for any 
a,x G A. Each a G A admits synthesis with respect to A as A-module. In fact, assuming 
ax 7^ for some a,x <E A with Supp(x) C null(a), one can find x £ X4 such that 
dx(x) = o,(x)x(x) 7^ and hence a(x) 7^ and x(x) 7^ 0. Since Supp(x) C null(a), 
a(x) 7^ implies 7^ for some 6 G ann(x). However, for(x) = &(x)^(x) 7^ 0, a 
contradiction. 

Let A' denote the Banach space dual to A. Setting a ■ x(-) = x(a-) for any a G A, 
x G A', we have that A' is an A-module. This example is especially important because 
of the following result that connects the notions of spectral synthesis and synthesis with 
respect to A-modules. 
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Theorem 3.3. For a G A the following conditions are equivalent. 

1) a admits spectral synthesis; 

2) a admits synthesis with respect to A'; 

3) a admits synthesis with respect to any A-module. 

Proof. 1) =^> 3). Let M be an A-module and x G M, Supp(x) C null (a). Let J = 
J(Supp(x)), then since null(ann(x)) = Supp(x) C null(a) and a admits spectral synthesis 
in A, we have a G J a C J C ann(x) and hence a • x — 0. 
3) =^ 2) is obvious. 

2) =>- 1). Assume that a ^ J a . Then there is x G A' such that x(J a ) = and 
x(a) 7^ 0. Since a admits synthesis with respect to A', Supp(x) is not a subset of null(a). 
On the other hand, J a C ann(x) and Supp(x) = null(ann(x)) C null(J a ) = null(a), a 
contradiction. □ 

Lemma 3.4. Lei M be a Banach A-module. For x G M , a ■ x = /or any a G J(E) if 
and only if Supp(x) C E. 

Proof. Assume that Supp(x) C E and that a = on a nbhd of i£. Then there exists an 
open set F such that null(a) D F D Supp(x). Clearly, J = ann(x) is an ideal in A with 
null(J) = Supp(x). Since F c n Supp(x) = 0, there exists 6 G J such that 6 = 1 on F c and 
therefore ab = a implying a ■ x = ab ■ x = 0. 

If a-x = for any a G J{E) then J(-E') C ann(x) and = null(J(E)) D null(ann(x)) = 
Supp(x). □ 

As usually by L a we denote the operators of the "left" multiplication by a G A, acting 
in an A-module. 

Lemma 3.5. Let M be a Banach A-module and let N be the closed submodule generated 
by x G M . Then cr(L a |Ar) = a(Supp(x)). 

Proof. Let J = J(Supp(x)). Since, by Lemma E31 b ■ x = for any b G J, iV is also 
an A/J-module with the action (c + J) ■ y = c ■ y. X A ^j can be identified with {x G 
Xa '■ x(J) = 0} = Supp(x) and therefore o~(a + J) = a(Supp(x)). If A G a(Supp(x)) c 
then a — Ae + J is invertible in A/ J and so is the operator (L a — XF)\n- This shows that 
o-(L a \ N ) c a(Supp{x)). 

Assume now that (L a — o,(x)I)\n, f° r some \ Supp(x), is an invertible operator. 
Then there exists c G A such that (a — a(x))cb ■ x = b ■ x for any 6 G A and therefore 
((a — a(x))c — 1)A C ann(x). Since x £ Supp(x) = null(ann(x)), we have x(^) = 0. A 
contradiction. □ 

Theorem 3.6. Let M be a Banach A-module. For x G M and a G A, Supp(x) C null(a) 
if and only if | |a n x| | 1//n — > as n — ► oo. 

Proof. Consider the Banach algebra = A/J a . The element a + J a is quasi-nilpotent in 
V. In fact, if x is a character of A/ J a then p(x), defined by pix)ip) '■= x(b + ^a)> o G A, 
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is a character of A. Therefore, there exists r G X& such that p(x)(b) = r(b). This gives 
r(b) = for any b G J a and hence r G null(J a ) = null (a) and x( a + J a ) = = 0. 

By Lemma E31 J a ■ x = whence J a ■ N = 0, N being the closed submodule generated 
by x. N becomes a Banach ^-module by setting (b + J a ) ■ y := b ■ y, for y G N and b £ A. 
Moreover, 

||a n -x|| 1/n = ||(a + J a ) n -a;|| 1/n < | |(a + J a ) n | | 1/n | |z| | 1/n -> 0, n -> oo. 

The converse follows immediately from Lemma fo. 51 □ 

Let us also mention the module version of the "global" synthesis. Let M be a Banach 
A-module and E be a closed subset of E is called a set of synthesis over M {synthetic 
over M) if a ■ x = for any x G M and a G A such that Supp(x) C E C null (a). Clearly, 
if, for a G A, null(a) is synthetic over M then a admits synthesis with respect to M. 



4 Modules over tensor algebras and linear operator 
equations 

Let X and Y be compact Hausdorff spaces and consider the projective tensor product 
V{X,Y) = C{X)®C{Y). Recall that V(X, Y) (the Varopoulos algebra) consists of all 
functions F G C(X x Y) which admit a representation 

oo 

F(x,y) = Y t f i {x)g i (y), (2) 

i=i 

where fa G C(X), g { G C(Y) and 

oo 

^2 \ \fi\\c(X)\\gi\\c(Y) < OO. 
i=l 

V(X, Y) is a Banach algebra with the norm 

oo 

= inf 2j ||/i||c(x)||fl , i||c(y) ) 
i=i 

where inf is taken over all representations of F in the above form (see |V]). We note that 
V(X, Y) is a semi-simple regular Banach algebra with spectrum X x Y. 

Any element of V(X,Y)' can be identified with a bounded bilinear form B(f,g) = 
(B, f ® g) on C(X) x C(Y) (a bimeasure, in short). 

Let M(X) denote the space of finite Borel measures on X. For fi G M(X), v G M(Y), 
set H 1 = L 2 (X,fi), H 2 = L 2 (Y,v). Then V(X, Y) C V°°(X,Y) C T(X,Y). Note that, for 
J 27 C V(X, Y), null ^ coincides with n F6 ^F -1 (0). 
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By Mf, M g we denote the multiplication operators in Hi, H 2 by functions f(x), g(y) 
respectively. 

Setting, for F(x,y) = £~=i f n (x)g n (y) G V(X, Y) and T G B(H U H 2 ), 

oo 

F.T = ^M 9 „TM /n (3) 

n=l 

we obtain a V(X, y)-module structure on B(Hi, H 2 ). So, for T G B(Hi, H 2 ), we have 
SuppiT) = fl null(F), the intersection being taken over all functions F G V(X, K) such 
that F ■ T = 0. Now we compare Supp(T) with the "inner" definitions of a support 
introduced in Sectional 

Lemma 4.1. For F G V(X, Y) and T G B(H 1 ,H 2 ) ; if F ■ T = then T is supported in 
null(F). 

Proof. Take Borel sets U C X, V C Y such that (C7 x V) fl null(F) = and consider 
QyTPf/ G B(L 2 (U,fj,),L 2 (V,v)). Then X[/(^)%v(2/)F(x, y) ^ o n U x V and if * denote 
the set {FG | G G r(£7, V)} C T(U, V), we have null * ^ 0. By jShTI Corollary 4.3], * is 
dense in T(U,V). As 

= (F ■ QyTPu, G) = (QvTPu, FG), G G V(U, V), 

we obtain QyTPjj = and therefore null(F) supports T. □ 

Proposition 4.2. Supp(T) is the smallest closed set which supports the operator T. 

Proof. Set E = Supp(T). We show first that E supports T. By Lemma f3.4[ F ■ T = for 
any F G V(X,Y) vanishing on a nbhd of E. Therefore, by Lemma [4.11 null(F) supports 
T for each F G J(E). Since E = null (J (E)), E supports T. 

Let W C X xY be & closed set supporting T. By |ShT| Theorem 4.3], given F G J(W), 
(T,FG) = for any G G T(X,Y) and hence F • T — 0. Applying now Lemma 13.41 we 
obtain SuppiT) C W, showing that SuppiT) is the smallest closed set supporting T. □ 

By the proposition we have therefore supp T d M SuppiT) = supp^T. 

Let Kp denote the set of all operators T satisfying the condition F ■ T — 0, that is 
Kp = anniF) in B(Hi, H 2 ). It coincides with the space of solutions of the linear operator 
equation 

oo 

J2M gn TM fn = 0, (4) 

n=l 

where F(x,y) = Y,7=i fnix)g n iy)- 

It follows from Lemma 14. II and Proposition 14.21 that SuppiKp) C null{F). 

Proposition 4.3. 

supp Kp = SuppiKp) = nulliF). 
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Proof. It suffices to show that null(F) C supp K F . Let P = P(null(F)) be the set of all 
pseudo-integral operators T a with supp(a) C null(F) (see |XJ Section 1.5]). It follows from 
Section 2.2] that supp P = null(F). On the other hand it is easy to see that 

(F ■ T a u, v) = J J F(x, y)u(x)v(y)da(x, y) = 0, 

for any u G Hi, v G H 2 . Hence, P C K F and null(F) = supp P C supp K F . □ 

Remark 4.4. The result can be proved without the use of pseudo-integral operators (see 
the proof of a more general result, Proposition 15. H[ below). 

We say that F G V(X, Y) is operator synthetic with respect to (//, i>) (we also write 
(/!, z/)-synthetic or operator synthetic if fi, v are fixed) if it is synthetic with respect to the 
V(X, y)-module B(H U H 2 ). 

The following proposition can be considered as a local version of Theorem 6.1 from 
[ShT]. Unlike the latter it is "two-sided". 

Proposition 4.5. F G V(X,Y) admits spectral synthesis if and only if it is operator 
synthetic for any choice of finite measures on X , Y . 

Proof. The necessity follows from Theorem IH.HI To prove the sufficiency it is enough to 
show that F admits synthesis in V(X, Y)'. Assume that synthesis fails for F. Then we 
can find a bimeasure B G V(X, Y)' such that Supp(B) C null(F) and F ■ B ^ 0. By the 
Grothendieck theorem [G] there exist measures /i G M(X), v G M(Y) such that 

\(BJ®g)\<C\\f\\ L2{Xtfl) \\g\\ L2{Y ^ 

for any / G C(X) and g G C(Y). Thus there exists an operator T G B(L 2 (X, //), L 2 (Y, v)) 
such that 

(T,¥) = (fl,¥), VeV(X,Y), 

where in the left hand side we used the inclusion V(X, Y) C T(X, Y). Therefore, F -T ^ 0. 
We will get a contradiction if prove that Supp{T) C null(F). For G G Jf? f G C(X) and 
to G C(y), we have 

(G-Tv,w) = {G ■ B, v ® w) = 0, 

implying G • T = and Supp{T) C null{G). Since null{Jp) = null(F), Supp{T) C 
null(F). □ 

Theorem 4.6. F G V(X, K) «s operator synthetic if and only if Kp = 9R max (null(F)) . 

Proof. Assume F G V(X, Y) is operator synthetic with respect to (//, j/). We have F-T = 
for each T such that Supp(T) C null(F). As Supp(T) is the smallest closed set which 
supports T, we have that each T G 9Jt ma:r (nu//(F)) is a solution of the equation F ■ T — 0, 
i.e., T G iijr. Conversely, if T G Ff then, by Lemma f4.1[ T is supported in null(F). 

Assume now that DJt max (nuU(F)) = K F , but F is not synthetic with respect to 
B(Hi, H 2 ). Then there exists T with Supp{T) C null(F) and therefore T G 93T maa; (nM//(F)), 
such that F ■ T ^ 0. A contradiction. □ 
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For F G V(X, Y), let A^ denote the multiplication operator X i— > F ■ X on B(H\, H 2 ). 
Then .fTp = ker A^. Let £a f (0) be the O-spectral subspace of A^: 

£ Af (0) = {TeB(H 1 ,H 2 ) I HA^HV-^Cn^oo}. 

Recall that if £ is a subspace in B(H 1 ,H 2 ) then its reflexive hull, Ref C, is the set of 
all operators A such that Ax G £a; for any x £ Hi. £ is said to be reflexive if Ref C = C. 

Proposition 4.7. 

Proof. It is a standard fact (see jX] or |ShTj ) that for arbitrary L°°(X, /i) x L°°(Y,z/)- 
bimodule G the space Ref G consists of operators supported by supp (G). Hence the first 
equality follows from Proposition 14.31 By Theorem 13. 6[ Sa f (0) consists of all operators 
T such that Supp{T) C null(F). But, by Proposition 14. 2\ this condition is equivalent to 
supp T C null{F). Hence £a f (0) = Wl max (null(F)). □ 

Corollary 4.8. The following are equivalent: 

(a) F G V(X, Y) is operator synthetic; 

(b) the solution space of the equation F ■ T = is reflexive; 

(c) keiA F = £ AF (0). 

Proof. (a)=>- (b). It is easily seen that Tl max (null(F)) is reflexive. The implication follows 
now from Theorem 14.61 

(b) =>- (c). Follows from the equality Ref ker A F = £a f (0) which is due to Proposi- 
tion o 

(c) =^(a). Let T G B(Hi,H 2 ) be an operator supported in null(F). By Proposi- 
tion's Supp(T) C null(F) and, by Theorem 13 .(r>\ T is in £a f (0) and therefore in ker Ap. 
Hence, DJl max (null(F)) C kerA^. The reverse inclusion follows from Lemma 14.11 Thus 
^■max{null(F)) = ker Ap. The statement now follows from Theorem 14.61 □ 

Proposition 14.51 and Corollary 14.81 reduce the problem of verification of individual syn- 
thesis to a purely operator problem. The comparison of O-spectral subspace and kernels 
for multiplication operators will be one of the main topics in the further sections. 

5 Equations of more general form. Relations to "glo- 
bal" operator synthesis 

The study of the equations of the form (j3J) is a part of the general theory of linear operator 
equations 

A(X) = Y,B k XA k = (5) 

k&K 

where {A^^k — A, {Bk}keK — B> are finite or countable families of operators. 
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If A, B are commutative families of normal operators one says that (JSJ) is a linear 
operator equation with normal coefficients. Among them equations (J1J correspond to 
those whose coefficients satisfy the restriction 

J2\\M\ 2 <oo, ^H^H 2 < oo. (6) 

Indeed, realizing all A k and B k as multiplication operators by continuous functions fk, gk on 
L 2 (X, n), L 2 (Y, v), © can be rewritten in a form (gj); clearly F(x, y) = J2 keK fk{x)g k {y) G 
V(X,Y). 

It is more convenient sometimes to choose "spectral" realization of coefficient fami- 
lies. Let er(A), cr(B) be the maximal ideal spaces of the unital C*-algebras generated 
by the families A and B respectively. To any t G a (A) we associate a sequence \(t) = 
(t(A 1 ),t(A 2 ), . . .) G l 2 ; the map t \— > \(t) is continuous and identifies <r(A) with a compact 
subset of l 2 . Thus C*(A) can be considered as C(o"(A)) and the operators A4 correspond 
to the coordinate functions on l 2 (restricted to a (A)). In a similar way we realize C*(B). 
The space B(Hi,H 2 ) becomes a V(a(A), cr(B))-module with respect to the operation 

(f®g)-T = f(M)Tg(A). 

In particular, A(T) = F ■ T, where F(X, //) = J2keK ^k^k- 

Let Ea(-), E-a(-) be the spectral measures of A and B (on a (A), cr(B)). We say that an 
operator T is supported in U C a (A) x a(B) if 

E n {(3)TE k {a) = 

for any Borel sets a C cr(A), (3 C cr(B) such that (a x /3) n C/ = 0. The following result 
directly follows from Prop osit ion 14 . 71 if the families A, B have cyclic vectors (one only needs 
to realize Hi, H 2 as the L 2 -spaces for scalar spectral measures of A, B). In the general 
case the proof is similar to the proof of Proposition 14.71 

Proposition 5.1. Let S = {(A,//) G a(A) x o~(B) | YlkeK ^kl^k — 0}. Then £a(0) consists 
of all operators supported in S . 

In our further study of spectral behavior of multiplication operators A the following 
estimate will be useful. 

Lemma 5.2. If X G £ A (0) then 

||A(X)|| < 2(J2 ||5 fc || 2 ) 1/2 ||X||diam <r(A). 

Proo/. Let S 1 = {(A, jj) G cr(A) x a(B) | J^keK X kf*k = 0}. By Proposition EU if X G £ A (0) 
then X is supported in S and therefore X = E^(/3)X where (3 = (U/3) c with the union 
taken over all relatively open (3 C er(B) such that (o"(A) x (3) R S* = 0. We can certainly 
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assume (5 = cr(B), for if not we set B' k = B k \ E ,^ H2 and replace A by the operator A' with 

coefficients {A k }, {B' k } (acting on B(H 1 , E^0)H 2 )). 
Let {XkjkeK £ cr(A). Then 

A(X) = ^ B k X\ k + ^ 5 fe X(A fe - A*;/). 

For each f E H, we have 

||(]T B fc X(Afc - A fc /)/|| 2 < ||S fc || • ||X|| • - A fe /)/||) 2 < 

<||X|| 2 ^||S fe || 2 ^||(A fe -A fc /)/|| 2 < 

fee_ft: keK 

< \\X\\ 2 J2 \\B k \\ 2 (J2( Ak - X kI)*(A k - X k I)f, f) < 

keK keK 

<||X|| 2 ^||5 fc || 2 (diam o-(A)) 2 ||/|| 2 , 

keK 

and therefore 

B k X{A k - \ k I)\\ < \\XWiY, ll^H^V^diam a (A)). 
keK keK 

To estimate the norm of the first summand, note that the spectrum B k \ k ) is equal 

keK 

to {J2keK^kh | {Hk)keK e o-(JB)}. By our assumption, for given fi = {fi k ) keK e <r(B), 
there exists A(/x) = (\k(^))keK £ °"(A)) such that (A(/x),/i) G 5. Therefore, 

1 5> fe A fe | = i a**( a * - A ^))i ^ (E ki 2 ) 1/2 (E i A * - A ^)i 2 ) 1/2 < 

fcex keK keK keK 

< (53l| J B fc || 2 ) 1 / 2 (diama(A). 

keK 

Thus 

II E^ll ^ E II^H 2 ) 1/2 (diam <r(A)), 
implying \\J2 keK B k XX k \\ < (£ fceX I |5 fc | | 2 ) 1/2 (diam <t(A))||X||, and 

||A(X)|| < 2(^3 ||£ fc || 2 ) 1/2 ||*||diam <r(A). 

keK 

□ 
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The condition © is not necessary for a linear operator equation (J3J) to have sense. In 
many situations one may only suppose that 

B k B* k < oo, A *k A k < °°> ( 7 ) 

which means that the norms of partial sums are bounded and the series strongly converge. 
For equations with normal coefficients one can realize A and B as families of multiplication 
operators on the spaces Hi = L 2 (X,/j i ), H 2 = L 2 (Y, u): 

A k u(x) = f k (x)u(x), B k v(y) = g k (y)v(y). 

By 0, 

J2\fk(x)\ 2 < °°, J2\9k(y)\ 2 <oo. 

keK keK 

In other words we may write © as F ■ X = with F G V°°(X, Y) if V°°(X, F)-module 
structure in B{Hi, H 2 ) is defined by (now the series converge strongly). It is not difficult 
to see that F(x,y)V(x,y) G T(X, Y), for each ty(x, y) G r(X,F),and (F-T,V) = (T,FV), 
showing that the action is well-defined. 

Our next aim is to show that in terms of V°°(X, y)-module structure one can describe 
yjl min (E) for arbitrary pseudo-closed set E C X x Y . 

Proposition 5.3. 

Wl min (E) = {T G B(H 1} H 2 ) | F ■ T = 0, for any F G V°°(X, Y) that vanishes on E}. 

Proof. Let us denote the right hand side of the equality by Wl e (E). Recall that DJl min (E) 
can be characterized by .E-pairs of projections (P,Q) (see Section |2j). Let (P,Q) be such 
a pair and P = P{x) = (P^x)), Q = Q{y) = (Qy(y)), P i3 {x) G L°°(X,ft), Q^y) G 
L°°(Y, v) be the matrix representations with respect to a fixed basis in l 2 . Since P, Q are 
projections, 

Y^P^P^x) =^2P ij (.x)P ji (x) = P u (x) G L°°(X,fi) 
j j 

and 

YQ*dy)Qjk{y) = Yl^MQAv) = QkM e l°°(y,v) 
j j 

so that F ik (x,y) = Pij(x)Qj k (y) G V°°(X,Y). Moreover, each F ik vanishes on E. 
Therefore, assuming T G fXfl e (E) we obtain F ik -T = 0, for any i, k, implying Q(1®T)P = 
and hence T G DJl min (E). 

Conversely, if T G 9Jt m i n (E) then (T,^f) = for any \1/ G $>(E). Therefore for any 
F G V°°(X, Y) such that F vanishes on E and any \1> G T(X, Y) the following holds 

(F ■ T, *) = (T, Ftf ) = 

which implies F ■ T = 0, i.e. T G SW e (E). □ 
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Corollary 5.4. // a pseudo- closed set E C X x Y is a set of operator synthesis then any 
operator supported in E satisfies each operator equation F ■ T = with F G V°°(X, Y) 
vanishing on E. 

Corollary 5.5. // a pseudo-closed set E C X x Y is a set of synthesis and Fx,F 2 G 
V°°(X, Y) such that null Fi = E then the corresponding linear operator equations Fx -T = 
and F2 ■ T = are equivalent. 

Proof. Let T be a solution of the equation F\ • T = 0. In order to show that F 2 • T = it 
is sufficient, by Proposition 15. 3[ to show that T G Vyt max (E) (= 93T m j n (i?) in our case). 

Take U C X, V CY such that (U x V) H E = ® and consider the operator QyTPu in 
B(L 2 (U, fi), L 2 (V,v)). We have y) 7^ m.a.e. on [/ x V. Let \l/ denote 

the set 

{f 1 -f 1 f g r(t/,y)} c r([/,y). 

Then null $ = and, by [SETT Corollary 4.3], * is dense in T(U, V). As 
0=(F 1 - QyTPu, F) = (QyTPu, F 1 -F), F G T(f/, V), 
we obtain QyTPu = 0. □ 

Remark 5.6. The result extends to systems of equations F[-T = 0, 1 < i < n. In this case 
we have that supp T C null F[, for any i, and therefore supp T C E for E = n" =1 null F[. 

Corollary 5.7. Let f i} g i} 1 < % < n, be B or el functions on standard Borel spaces (X,n), 
(Y,u). IfTE B(L 2 (X, fi), L 2 (Y, v)) satisfies operator equations 

MjT TM, h . l<i<n, 

then F -T = for any F G V°°(X,Y) vanishing on {{x,y) \ fi(x) = gi(y),l < % < n} . 

Proof. By |ShT| Theorem 4.8] the set {(x,y) \ fi(x) = gi(y), 1 < i < n} is synthetic. As it 
was noticed in Remark 15.61 T is supported in {(x,y) \ fi(x) — gi(y), 1 < i < n} and the 
statement now follows from Corollary 15.41 □ 

The result implies, in particular, the Fuglede-Putnam Theorem, a useful tool in the 
operator theory, which states the equivalence of the relations AT = TB and A*T = TB*, 
where A, B are normal bounded operators on a Hilbert space and T is just a bounded one 
acting on the same space. 

It is natural to ask if the Fuglede-Putnam Theorem extends to the equations of the form 
Y^ = iBiTAi = and Y^^i^TA* = 0, where {Aj}i<j<„ and {-Bj}i<j<„ are commutative 
families of normal operators. This question of Gary Weiss |W2j has been answered nega- 
tively in |Sh2j . The proof in |Sh2j (see also SSI 1 T* where it is written more transparently) 
was based exactly on the connection between the individual and global operator synthesis 
and related to the Schwartz example of a non-synthetic set in the operator version due to 
Arveson |A"]). 
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In what follows we will find various conditions providing the equivalence for the equa- 
tions of this kind and for more general linear operator equations. One of the main tools will 
be reducing (under some assumptions) the problem to equations in the space of Hilbert- 
Schmidt operators. So we begin with a general approach that relates the spaces of the 
solutions of linear equations in different topological vector spaces. 

6 Approximate inverse intertwinings 

Let X and 2) be topological vector spaces, $ : X — > 2J a continuous imbedding with dense 
range, and S and T operators acting in X and 2J, respectively, intertwined by the mapping 
$: T$ = &S. We write in this case that we are given an intertwining triple (or just an 
intertwining) ($, S, T). 

A net of linear mappings F a : 2J — > X is called an approximate inverse intertwining 
(All) for the intertwining ($, S,T) if F a $ -> l x , $F a -> lg, and F a T - SF a -> X in the 
topology of simple convergence. 

Denote by $ _1 the full inverse image under the mapping $: <3> -1 (M) = {x G 1 e 
M} for any M C 2) (non- necessarily M C $(X)). As usually the image of a map X is 
denoted by Im X. 

Theorem 6.1. If the intertwinings (<3>, Si, Tj), 1 < i < n, have a common All, then 



^C^ImTi) cJ2 Im Si- 



Proof. If $x = YliTiVi, then 



x = \imF a §x = \imF c 



a a 



a 




lim(^(FJ, - SiF a ) yi + S i F c*Vi) = 1™ S t F a y t e ^ Im 5,. 



□ 



Let 7i be a Hilbert space equipped with the weak operator topology. 



Corollary 6.2. If X = H and (®,S,T) has an All, then 



$(kerS*)n/mT = {0}. 



Proof. 



$(ker,S*) nim T = $(ker S* n $ _1 (lm T)) C $(kerS* n Im S) = {0}. 



□ 
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In applications X, 2) will be Banach spaces (of operators) supplied with weak or weak* 
topology. Nevertheless All's can be used to obtain some norm inequalities. Such a possi- 
bility is provided by the following result: 

Proposition 6.3. Suppose that X is a Banach space with the weak topology. If G\ : 2) — > 
X, A G A, is an All for an intertwining (<&,S,T) then there is another All, {F a } ae %, 
satisfying the conditions 

| \F a §x — x\ | — >• 0, for any x G X, (8) 

and 

\\{F a T-SF a )y\\^0, for any ye^). (9) 

Proof. Let 21 be the set of all triples a = (E, A, e), where E is a finite subset of X, A G A, 
e > 0. Setting a.\ < a 2 if E\ C £?2> Ai < A 2 , £\ < £2 we invert 21 into a directed set. 

Fix a = (E,X,e) G 21. We claim that there is a convex combination, F = F a , of 
operators with /i > A such that | — x| | < s for any x £ E. 

Indeed, let x^ = G^x — x. By our assumption x^ — > (weakly in X), for any x G X. 
Let A/" = card i£ and let X N be the direct sum of N copies of X. Then the net = ® x &ex^ 
tends to weakly in X N , whence there is a convex combination e = Y^=i c i e ^i with /Xj > A 
such that ||e|| < e. Now setting F = Y!h=i c i£*in we P rove the claim. 

It is clear that the net {F a } a& <^ is an All for ($,S I , T) and that (jHJ) is satisfied. To 
obtain one should repeat the trick (clearly the property (jHJ) will be preserved). □ 

Theorem 6.4. Let $ intertwine pairs Si, 7$ (2 = 1,2/ Suppose that X is a Banach space 
equipped with a weak topology and \\S2xW < H'S'i^H for any x G X. // ($, Si, Ti) /ias ^427 

Tf^/m $) C T 2 \lm $) 

and 

ll$ _1 T 2 y|| < II^T^H (10) 

/or any y G T 1 _1 (/m $). 

Proof. By Proposition 16 . HI we can assume that (jHJ) and (JHJ) hold. Let y G T 1 _1 (Im $). Thus, 
Tiy = $Xi for some Xi G X. Hence, 

xi = limF Q $xi = lim F a T\y = lim((F a Ti - SiF a )y + SiF a y) = ]haSiF a y. 

a a a a 

Since {SiF a y} is a Cauchy net and ||S 2 F Q 2/ — S^FpyW < \\SiF a y — SiFpy\\, we have 
that {S2F a y} is Cauchy. Let X2 = lim a S2F a y. Then \ \x2W < \ \xi\ \ and 

$x 2 = lim^^Fay = \imT 2 ®F a y = T 2 y, 

a a 

the convergence being in the weak topology. This imply y G T 2 -1 (Iin $) and 

||$ _1 T 2 i/|| = ||x 2 || < \\xi\\ = II^T^H. 

□ 
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The following result has some similarity to Theorem 16.41 but it does not use All's. 

Proposition 6.5. Let $ : 7i — > 2) intertwine a normal operator S with T\ and its adjoint 
S* with T 2 . Suppose that ker S fl $ _1 (T 2 2)) = {0}. Then (Q7J) holds for any y E 2) such 
thatT { y E $H, i = 1,2. 

Proo/. Note first that T x and T 2 commute. Indeed, {T l T 2 -T 2 T l )<5>y = <5>(SS* - S*S)y = 0; 
since $7i is dense in 2) the claim follows. 

Let U be a partially isometric operator such that SU = S*, UTC = STi = S*H. Let 
T\y = T 2 y = §x 2 . We have to prove that \\x 2 \\ < \\x\\\. For x = x 2 — Uxi, one has 

$Sx = <5>Sx 2 - <5>S*x 1 = T x $x 2 - T 2 ^ Xl = T{T 2 y - T 2 T lV = 0, 

and hence Sx = 0, x E ker 5. 

On t he other h and, = T 2 y G T 2 2J, x 2 E ^(T^), Ux 1 E~SH C W^Tj#), so 
that x E $- 1 (T 2 2)) nkerS 1 = {0}. Hence x 2 = Ux u \\x 2 \\ < ||xi||. □ 

We return to All's. The following result is an immediate consequence of Theorem 16.41 

Corollary 6.6. Suppose that S is a normal operator on TC and ($, S,Ti), ($, S*,T 2 ) have 
approximate inverse interwtinings (non-necessarily coinciding). Then 

for any y E T 1 _1 (/m $) = T 2 _1 (/m $) and, in particular, kerTx = kerT 2 . 

In many cases the verification that a net {F a } is an All can be considerably simplified 
by using the following result. 

Proposition 6.7. Let ($, S,T) be an intertwining triple and {F a } a net of operators from 
2) to X. 

(i) IfX is a dual Banach space with the weak-* topology and {F a } satisfies the conditions 

(a) ®F a y -> y, for any y E 2); 

(b) {F a Qx} is bounded for any x E X; 

(c) {(F a T — SF a )y} is bounded for any y E 2J ; 
then {F a } is an AIL 

(ii) 7/2J is a Banach space with the weak topology and {F Q } satisfies the conditions 

(d) F a Qx — > x, for any x E X; 

(e) sup a < oo; 

(f) f or an V neighbourhood U of in X there is 5 > such that (F a T — SF a )y E U 
for all a, when \\y\ \ < 5, 

then {F a } is an AIL 
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Proof, (i) Let x G X. We have to prove that F a <&x — > x. Since the net {-F^^a;} is bounded 
it is precompact (in the chosen topology of X) so it suffices to show that x is its only limit 
point. But if x\ is a limit point of {F a Qx} then $xi is a limit point of which 
tends to So $xi = $x, xi = x. 

The proof of the condition (F a T — SF a )y — > is similar. 

(ii) The uniform boundedness permits us to prove the limit condition §F a y —>■ y and 
(F a T — SF a )y — > on a dense subset. But for y G they evidently follow from (d). □ 

In general a net {F a } satisfying the conditions (a), (6), (c) of Proposition 16.71 is called 
an approximate inverse semi-intertwining (AIS). 

Denote by X* the space of continuous antilinear functionals on X, endowed with the 
weak-* topology (in particular, H* = H). The adjoint operators (on X* or between X* and 
2)*) are defined in the usual way. In particular, the adjoint of an operator on Ti. has the 
usual meaning. 

It is not difficult to see that if {F a } is an All for (<&,S,T) then {F*} is an All for 
($*,T*,S*). 

Let $ : H — > 2) intertwine operators S, S* with Ti,T 2 . Let {F a } : 2) — > H be an All 
for the intertwining ($, S,Ti). It is called a ^-approximate inverse intertwining (*-AII) for 
the ordered pair (($, S,T X ) : ($, S*,T 2 )) if {F*F a } is an All for ($$*, T*, T 2 ). 

A ^-approximate semi-intertwining (*-AIS) is defined in a similar way: it is an AIS 
{F a } such that {F*F a } is an AIS for ($$*, T-j", T 2 ). Since is reflexive, is in fact an 
All by Proposition 16.71 

Corollary 6.8. 7/2) is a Banach space with the weak topology then any *-AIS is a *-AII. 
Proof. Follows from Proposition 16. 7( i) (with 2)* as the space X). □ 
Theorem 6.9. (i) If the pair (($,S,T\) ; T 2 )) /ias then 

(Im Tx) n T 2 " 1 ($$*(2J*)) C 
(^j 5, Ti), ($,S*,T 2 )) /ias *-AIIthen 

||$- 1 (T 1 y)|| 2 =(($$*)- 1 (T 2 T l2 /),y) 
/or any y G (T 2 Ti) _1 ($$*(2)*)). 

Proo/. Let y G (Im 7i) fl T 2 -1 ($$*(2)*)). Then y = Tiy and T 2 y = for some 

z G 2J* and y G 2). Let {FJ be a *-AIS for the pair (($,£, tJ, T 2 )). Then 

{F^F Q T 2 y — T^F*F a y} is bounded. Because F*F a T 2 y = F*F a §&*z — > z, we obtain also 
boundedness of the net {||Fa,y|| 2 }: 

||F Q y|| 2 = (F*F a y,T iy ) = (T*F*F a y, y). 

Thus there exists a subnet {F n ( a )y} converging weakly to a vector h EH. This gives us 

y = lim$F n(a) y = $/t G 
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and the first statement of the theorem. 

Let now {F a } be a *-AII. Then the net {F^F a T 2 Txy - T^F^F^y} converges to zero 
in the weak*-topology in 2)*. By the previous arguments we have that F*F a T 2 Tiy — > z, 
where T 2 T x y = implying {T£F*F a T x y} — > z and 

(T* F*F a T%y , y) — >• (z,y). 

On the other hand, by the first statement, T\y = <3>/i for some h G 7i and 

(T^F*F a Tiy, y) = (F*F a T iy ,T iy ) = (F*F a $h,$h) = ($*F*F a $h, h) -> \\h\\ 2 . 

One can see the convergence here in the following way. Since {F a <&h}, h G Tl, is bounded, 
the net {Q*F*F a Qh} is bounded and therefore precompact in the weak topology of Ti. 
Moreover, as QQ*F*F a Qh — > $/i and $ is injective, we have that the only limit point of 
{$*F*F a $h} is h. 
Finally we obtain 

H^Trf = \\h\\ 2 = (z,y) = ((^T\T 2 T W ),y). 

□ 

Corollary 6.10. // (($, S,^), ($, S*,T 2 )) has *-AIS then Im T\ n kerT 2 = {0}. 

Proof. Clearly, kerT 2 C T 2 _1 ($$*(2)*)). Therefore, by Theorem RT5I Im TinkerT 2 C 
and, by Corollary 16.21 

Im Ti n ker T 2 = Im T x n ker T 2 n = Im T\ n $(ker 5*) = 0. 

□ 



7 All for inclusions of symmetrically normed ideals 
and multiplication operators 

Here we apply the results of the previous chapter to multiplication operators on symmet- 
rically normed ideals of operators on Hilbert spaces. 

Let if be a Hilbert space, B(H) be the space of bounded linear operators on H. For 
a symmetrically normed ideal J we denote by || ■ \\j the associated norm. If J = & p , 
1 < p < oo, a Shatten-von Neumann ideal, we simply write || • \ \ p instead of || ■ 

Given J, we set 

J* = {X G B(H) | XY G ©i, for any Y G J}, 
f = {X G B(H) | XY G 6 2 , for any Y G J}, 
J = {X G | XF G J*, for any F G J}. 
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It is clear that in this way one obtains ideals of B(H) which become symmetrically normed 
if the norm of an operator X in J* (J' and J) is defined as the norm of the mapping 
Y i— > XY from J to ©i (from J to (5 2 and from J to J* respectively). 
One can easily see that 



B(H)* = 


©i, 


e; 


= B(H), 




= Si, 


B{H)> = 


©2, 




= B(H), 




= e 2; 


B(H) = 


©1, 


61 


= B(H), 


&00 


= ©i 



and if J = & p , 1 < p < 00, then 

x r - / 62 p/(p-i)> ^ >2 ' 7_ / 6 p/(p-2)> p >2 > 

J - °p/(p-i). J - I 5 ( jH -) ) p < 2 , J ~ \ p < 2 

(the equality for symmetrically normed ideals assumes the equality of the norms). 

Let {Af;}k£K and {Bk}keK be arbitrary families of operators (not necessarily commuting 
or normal) acting on H such that 



ii^fcii • 



< OO. 



Note that multiplying by constants Ak 1— > A^A^, 1— > X^Bk we may (and will) assume 
that 

^||A fe || 2 <oo, ^H^H 2 < 00. (11) 

fcex keK 

It is easy to check that in this case the multiplication operator A:Ii-> SfceK BkXA k is 
continuous on B(H) and preserves all symmetrically normed ideals. We shall also denote 
by A the formal adjoint to A: A(X) = Y,keK B t XA l- Note that ^le 2 = (A|e 2 )* and 
A| 6l = A*. For simplicity of notation, we write Aj and Aj instead of A|j and A\j for a 
symmetrically normed ideal J of B(H). 

If J 1 C J 2 then the natural inclusion J x J 2 will be denoted by &j 1: j 2 . Clearly 
$jj j 2 intertwines Aj x with Aj 2 . For brevity we will denote this intertwining triple by 
i'l'-A/.A./,). 

Now we should look for the approximate inverse intertwinings. They will be constructed 
by means of increasing sequences {P n } of finite-dimensional projections and will have the 
form F n (X) = XP n . But for this the coefficient families of a multiplication operator must 
satisfy some restrictions. 

For any family {Xk}keK of operators and a finite-dimensional projection P we set 

^(ww) = (Eii[ x *' p nij) 1/2 ' 

keK 

where II • II j is the norm in the ideal J. 
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A family {X k } ke x is said to be J -semidiagonal ii there exists a sequence of projections 
P n of finite rank such that P n — > s 1 and sup n ipp n ({X k } keK ) < oo. If J = <3 P , 1 < p < oo, 
we write simply p-semidiagonal. It is clear that if pi < P2 then each pi-semidiagonal family 
is p2-semidiagonal. In particular, 1-semidiagonality is the strongest of these conditions. 
Clearly, any finite family is ©oo-semidiagonal. 

Examples of semidiagonal families will be discussed later on. 

In the following theorem J stands for either a separable symmetrically normed ideal 
with the weak topology or for a symmetrically normed ideal, dual to a separable one, with 
the weak* -topology. In both cases J* is identified with the space of continuous antilinear 
functionals by means of the map fy(X) = tr(X*Y). Under this correspondence Aj» = A}. 

Theorem 7.1. Assume that 62 C J. 

(i) If {A k } keK is J 1 -semidiagonal then there is an All for ($, A S2 , Aj). 

(ii) If{A k } k£K is J -semidiagonal then there is a *-AIS for (($, A S2 , Aj) 7 ($, A S2 , Aj)) ; 
and, moreover, a *-AII if J is separable with the weak topology. 

Assume that &i C J. 

(Hi) If {A k } k& x is J* -semidiagonal then there exists an AIS for ($, Ae i; Aj) in general 
and an All if J is separable with the weak topology. 

Proof. {%) We define F n : J — > & 2 by F n (X) = XP n , X £ J, where {P n } is a sequence of 
finite rank projections such that sup n (pp n ({A k } ke x) < 00 and P n — > s 1, n — > 00. Clearly, 
F n Q — > 1, and §F n — > 1. For X G J one can easily check the equality 

(A S2 F n -F n Aj)(X) = B k X[A k , P n ] 

keK 

and 

||(A S2 F n - F n Aj)(X)|| 2 < E \\B k X\\j\\[A k , P n ]||j, < 

keK 

< (Eii^ x ii') v Vp1({^W) < li^iU(Eli^ii 2 ) 1/2 ^K^W)> 

keK keK 

showing that {F n } is an AIS. Since 62 is reflexive, {F n } is an All by Proposition 16. 7i i). 

(ii) Define F n : J — > (5 2 as before: F n (X) = XP n , X e J, where sup n ^({^11}^) < 
00 and P n — > s 1, n — > 00. 

Similar arguments shows that 

||AX*F n (X)-F*FA/(*)IU* <53||Bpf[A:,P f J|| J . < 

keif 

< E ii^iwi^-Pniiij < ii^iwE n^ii 2 ) v vi({^w)- 

fceif fcex 

giving ||A}F n *F n - F*F n Kj\ \ < 00. Thus {F*F n } is an AIS for ($$*, A}, Aj) and if J is 
supplied with the weak topology it is even an All by Proposition 16.71 
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The sequence {F n } is an AIS for (<3>, A 62 , Aj) and, by reflexivity of 6 2 , it is also an 
AIL In fact, 

||(A e2 F n - F n Aj)(X)\\ 2 < ^ \\B k X[A k , P n }\\ 2 < 

keK 

<Cj2\\B k X[A k ,P n ]\\j* < J2\\BkX\\j\\[A k ,P n ]\\j< 

keK keK 

< (£ WBkXW^iSiMkeK) < \\XMY, ll^l| 2 ) V Vi {{A k }keK). 
keK keK 

(we used the fact that 6 2 C J and therefore J* C 62 so that || • || 2 < C|| • \ for some 
constant C). 

(Hi) In a similar way one shows that F n : J — > ©1, -F„(X) = XP„, X G J, is an AIS 
for the intertwining (<3>, Ag i; Aj). Moreover, 

HAe^n-FnAjH <X)(H s *H 2 ) 1/2 Vp»({^*W)- 

Therefore, to prove that {F n } is an All for separable J (endowed with the weak topology) 
it is sufficient to prove that B k X[A k , P n ] — > w 0, as n — > 00, for any X G J. 
Given Z e B(H), 

\tr(ZB k X[A k ,P n })\ = \tr(ZB k X(l - P n )A k P n ) - tr(ZB k XP n A k (l - P n ))\ < 
< \tr(ZB k X(l - P n )A k P n )\ + |tr((l - P n )ZB k XP n A k {\ - P n ))\ < 
< \\(ZB k X)(l-P n )\\j- ||(1 -P n )A k P n \\j* + ||(1 -P n )(ZB k X)\\j-\\(P n A k (l-P n )\\j*. 

Since sup n ||(P n A fc (l-P n )||j. < 00, and \\ZB k X{\ - P n )\\j, ||(1 - P n )ZB k X\\j -> as 
n — > 00 if J is separable, we have the statement. □ 

Remark 7.2. As in the proof of (i) ((Hi) respectively) one can show that having a finite 
number of multiplication operators Aj : B(H) — > B(H), Aj(X) = ^2 keK B k XA k such that 
the family {Aj^}" =1 keK is J'-semidiagonal ( J-semidiagonal) there exists a common All for 
the intertwinings ($, (Aj)© 2 , (Aj)j), 1 < i < n (($, (Aj) 6l , (Aj)j), 1 < i < n). 

Corollary 7.3. (i) If {A k } keK is 1-semidiagonal, then there exist an AIS for (<E», A Sl , A), 
an All for (<E>, A@ 2 , A^), a *- AIS for (($,A S2 ,A) ; ($, (A Sa )*, A)) and a *- All for the 
pair ((^Aea.Aoo), ($, (A@ 2 )*, A M )). 

(m,) //{Afcjfcg^: is 1-semidiagonal, then there exists an All for (<E», Ae 2 , A). 

fmj //{Afcjfcgx p/(p — \)-semidiagonal, then there exists an All for (<£», A© 1 , Ae p ). 
//{ylfc}fc e ^ is 2p/ (p — 2)-semidiagonal, then there exists an All for ($, Ae 2 , Ae p ). 

(v) If {A k } k( zK is p/(p — 2)-semidiagonal, then there exists a *- All for ((<&, Ae 2 , Aq p ), 
($,(Ae 2 )*,A 6 J). 

Now we list some examples of semidiagonal families. 
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Proposition 7.4. If in some basis the matrices of all the operators A k have all their 
nonzero entries on a finite number of diagonals (and YlkeK ll^fell 2 < °°)> then the family 
{Ak)k&K is 1-semidiagonal. 

Proof. Let {e^.} be a basis satisfying the assumptions. Then (A k ei,ej) = for \i — j\ > n, 
where n is a positive integer. Let P m be the projection onto the subspace generated by 
e%, . . . , e k . One can easily see that for each m and k the rank of the operator [A/-, P m ] does 
not exceed 2n + 1 and therefore 

||[A fe ,P m ]||i < (2n + l)\\[A k ,P m ]\\ < 2(2n + l)\\A k \\, 

sup ippJ{A k } keK ) < 2(2n+ 1)(^ P.H 2 ) 1 / 2 < oo. 

□ 

The simplest class of such examples consists of finite families of weighted shifts. 

More generally one can consider operators with matrices whose entries sufficiently 
quickly decrease with — > oo. Let \A\ k = s\xpu_j\ =k \a,ij\ and |^4|dm 9 = ^2 k k\A\ k . Then 
1 1 [A, P m ] ||i < |^4|dias for each m. We call A diagonally bounded if |A|d ia9 < oo. We have 

Proposition 7.5. Any finite family of diagonally bounded operators is 1-semidiagonal. 

Corollary 7.6. Let A be the algebra of operators on L2(T) generated by shifts u(t) i— > 
u(t — 6) and multiplication operators Mf, f G C 2 (T). Then any finite family of elements 
of A is 1-semidiagonal. 

Proof. It suffices to show that any shift operator and any multiplication operator Mf, 
f G C 2 (T) are diagonally bounded for the standard basis e n = e int , n G N. Shifts are 
diagonally bounded because their matrices are diagonal. If / = J2 n a n e mt G C 2 (T) then 
J2 n n\a n \ < oo and \Mf\ k = max{\a k \, |a_fc|}. Hence |M/|^ afl < oo. □ 

In particular, all Bishop's operators u(t) i— > e lt u(t — 8) are 1-semidiagonal. This was 
established by Voiculescu in |Vo2j . 

For a family, A = {A k } ke K, of normal operators with J2 k eK 1 1^*1 1 2 < °°-> the Hausdorff 
dimension, dim of its spectrum er(A) C h{K) is appeared to be important in our study. 
We say that the ( "essential" ) dimension, ess-dim, of A does not exceed r > if there is a 
subset D of <t(A) such that E&(a(A) \ D) — and dim(D) < r (meaning that there exists 
C > such that for e > there is a covering B = {/3j} of D by pairwise disjoint Borel 
sets with diam/3j < e and \B\ r := •(diam/3j-) r ) 1 ' r < C). In particular, if K is finite and 
all A k are Lipschitz functions of one Hermitian (normal) operator then ess-dim (A) < 1 
(respectively 2). If A is diagonal then ess-dim(A) = 0. 

Proposition 7.7. If A = {A k } k( zK is a commutative family of normal operators of finite 
multiplicity such that ess-dim(A) < 2, then A is 2-semidiagonal. If it is a finite family of 
commuting normal operators of finite multiplicity such that ess-dim(A) < p, p < 2, then A 
is p-semidiagonal. 
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Proof. Suppose first that A has a cyclic vector. Then all A k can be realized on L 2 (cr(A), //) 
as multiplication operators by the coordinate functions. Without loss of generality we may 
assume that dim(<r(A)) < p. Given a family B = {j3j}^ =1 of pairwise disjoint Borel subsets 
of cx(A) we denote by P B the projection onto the subspace generated by the characteristic 
functions Xj °f the subsets f3j. Then 

J2\\[ P B^ k ]\\ 2 P <D\B\l, 
keK 

where D is a constant. In fact, let e 3 - = Xj/\\Xj\ \ an d ^ e Pj- I n what follows we assume 
K to be finite if p ^ 2. 



ii(i - p B )A.iv,ir J] ii(i - p B )(A fc - A fe )p B e,ir < 

fceft: keK 

< E ll(^ - ^) P Bt 3 \\ P < C(52\\(A k - \ k )P B e 3 \\ 2 Y 12 < 
keK keK 

< C(J2 l((A - ^T(A k - \ k )E A ((3 3 )e 3 , ej )\f 2 < 
keK 

< C(J2( A k - ^k)*(A k - \ k )E k ((3 3 )e 3 ,e 3 )Y' 2 < 

keK 

< C\\Y,(A k - \ k )*{A k - \ k )E A ((3j)\\ p/2 < 

keK 

< C{ sup V |A' fc - A fc | 2 ) p/2 < C(diam#) p - 
x '^te~K 

Here we use the fact that the norms | \a\ \ p = (X^ILi l Q; i| p ) 1//p > a = ( a i) ^ C™, 1 < p < oo are 
equivalent on C n , C is a corresponding constant. Since {e,,}^ is a basis of the subspace 
P B H and p < 2 we have 

E ii(i - PB)A*mi < E(E ik 1 - ^KP ee ,in 2 /" < 

AT AT 

< M(J] E IK 1 - PB)A k P B e j \\ p ) 2/p < MC 2/p (J2(^BmPj) p ) 2/p = MC 2/p \B\ 2 p 

keK j=l j=l 

for some constant M coming from the equivalence of the norms on C n . 

Similarly, ^ ||(1 - P B )A* k P B \\ 2 p < L\B\\ (L = MC 2 / p ), and therefore Il p s4t(l ~ 
keK keK 
P B )\\l < L\B\ 2 p so that 



E WfoMWl = E IK 1 - p b)A*Pb\\1 + E H P ^(1 - Pb)\\1 < 2L\B\ 
keK keK keK 
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Let now = {Pj }°? =1 be a sequence of the partitions of cr(A) such that sup.,- diam/?] — > 
and |£>^| p — > m p (a(A))^ p , where m v is the Hausdorff measure on ^(K). Then P B ^ — > 7 
strongly. Since P S (i) = s.limP^w, where £>i^ = {/3-^}™ =1 , one can find a subsequence of 
(finite-dimensional) projections P„{%) which converges strongly to I. Finally, 

n(i) 

HmV ||[P B « ,A k ]\\ 2 p < 2L -!im|B« |J < 2L ■ \im\B% = 2L(m p (a(A))) 2 / p < oc, 

fee A" 

implying p-semidiagonality of A. 

Generally, we decompose the Hilbert space if into a direct sum of subspaces H = @jHj, 
where each Hj is invariant with respect to A and A|#. has a cyclic vector. If A has a finite 
multiplicity, we have a finite number of subspaces Hj and the statement easily follows from 
what we have already proved. □ 

Recall that an operator A is almost normal if [A*, A] G The following result was 
established by Voiculescu |VoH Corollary 2]. 

Proposition 7.8. Any almost normal operator of finite multiplicity is 2-semidiagonal. 

In what follows we apply the obtained results to various problems on multiplication 
operators. 



8 Application related to the traces of commutators 

In |Wlj Weiss proved that if A is a normal operator, X G ©2 and [A, X] G Si, then 
tr([A, X]) = 0. The following proposition extends this in several directions. 

Proposition 8.1. Let p G (l,oo]. If {A k }^ =1 is p/(p— Vj-semidiagonal, X k G & p and 
J2k=ii A ki X k) e 61 then 

n 

tr(J2[Ak,X k }) = 0. 

k=l 

Proof. Let T k : & p — > & p , T k (X) = [A k ,X], and S k = T fc | Sl . By Proposition 17. If iii) and 
Remark 17. 2\ there exists a common All for the intertwinings S k ,T k ). By assumption, 
J2 kGK [A k ,X k } = R = $(P), for some R G ©1 and therefore P G $ -1 (££ =a Im T -0- Then 
Theorem Id II gives R G (X}fe=i ^ m Sk) an d, since Im S k C ker(tr), we obtain tr(P) = 0. □ 

Remark 8.2. The result of Proposition l8~Tl extends to infinite family of operators {A k } kG K, 
{X k } k&K provided that that J2 keK \ \X k \\l < 00. 

Corollary 8.3. Let {A k }^ =1 and {B k }^ =1 be families of operators satisfying 

n 

Y,B k A k = 0. 

k=i 
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If {A k }^ =1 is p/(p— l)-semidiagonal, X G & p and A(X) = Yjh=i A kXB k G &\ then 

tr(A(X)) = 0. 

Proof. We have 

n n 

A(X) = A kXB k -XY, B k A k = J2[A k , XB k \. 

k=l k=l 

Apply now Proposition 18.11 with X k = XB k . □ 

Corollary 8.4. If f k G Lipy 2 ([0, 1]) ; 1 < k < n, then no functions F k G L 2 ([0,1] 2 ) 
satisfying the condition 



J2(f k (x)-f k (y))F k (x,y) = l. (12) 



k=l 

Proof. Let X k be the integral operator on L 2 ([0, 1]) with the kernel F k (x,y). Clearly, 
X k G ©2- Now ()12j) can be rewritten in the form [Mj fc , X k ] = Q, where Q is the 

k 

rank-one operator with kernel F(t,s) = 1. By Proposition 17.71 the family {Mf k } k=1 is 2- 
semidiagonal. It remains to apply Proposition 18. II to X k , M/ fc , p = 2, we obtain tr Q — 0. 
A contradiction. □ 

One can consider more general classes of functions F k imposing more restrictive condi- 
tions on f k (and applying Proposition 18.11 with p > 2). For example, for f k G Lip^O,!}, 
(fT2*|) can not hold with arbitrary function F k which are the integral kernels of compact 
operators. 

We do not know if the constant p/(p — 1) in Proposition 18.11 is strict for all p, but for 
p = 2 it is. This follows from 

Example 8.5. Let D be the unit disk and dA the area measure on D. In terms of polar 
coordinates, we have dA(z) = rdrd6, z = re tB . Let H = L 2 (D, dA(z)) and let 

Au(z) = zu(z), Xu(z) = J J^-z^uiOdAiO- 

Then [A,X] = Q, where Qu{z) = j j u{£)dA{£). Clearly, rank Q = 1, tr Q > 0, A is 
normal and cyclic and hence 2-semidiagonal. We next claim that X G n e >o62+ e . In order 
to prove this we decompose X into the sum X = X\ + X 2 , where Xi are defined by similar 
integrals but in X\ we integrate by the disk |£| < \z\, in X 2 by the annulus \z\ < |£| < 1. 

Actually, both Xi are represented as operator-weighted bilateral shifts. Indeed, let us 
denote, for any k G Z, by H k the subspace of L 2 (D), consisting of functions u(r,9) = 
f(r)e lke , where (r, 9) are the polar coordinates. The map mh / identifies H k with the 
space L 2 ([0, 1], <im), where dm = 27rxdx. For w G one has 



p p inO C 

X lU (z) =J2 / /We^^rdrde = 

„ =0 J Jr<|2| ^ L 



e in9 , ,„ f 2tt f ,f(r)r- k z k - 1 rdr, k < 0, 
0, fc>0. 
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Writing z = re %e we have therefore 

X lU (r,e) = h{r)e i{k - 1)e , 

where h(r) = Akf(r), is the integral operator on L 2 ([0, 1], dm) with kernel K(r,t) = 
r k ~ 1 t~ k Xt<r( r ,t). One can easily compute that ||^4fc||| = n 2 /(\k\ + 1) so that for p > 2 

oo oo oo 

fc=0 fc=0 k=0 

i.e., Ki G <5 P for any p > 2. Similar arguments shows that -fT 2 £ © P! p > 2, verifying the 
statement. 

The above construction answers a question of Weiss W3J ( "does a nuclear commutator 
of a compact and a normal operators have zero trace?"). It was first published in [Shi J 
with the reference to |BirSj for the proof of the inclusion X G n t>0 & 2 +e- We included the 
proof because the reference was a mistake - [BirSj does not contain this fact. Using the 
arguments of [Wl] we deduce from the above example an answer to Question 2 in [W3]: 

Corollary 8.6. There is a normal operator A and a compact operator X such that [A, X] G 
& x ,[A*,X\i& x . 

Weiss [H] asks also if ([12"]) can be satisfied with n — 2, and G L 2 ([0, l] 2 ) if fk are 
only supposed to be continuous. The answer is positive as the following result shows. 

Proposition 8.7. There are functions f\, f 2 G Lipi/ 3 [0,1] and F x , F 2 G L 2 ([0, l] 2 ) such 
that 

(fi(x) - f2(y))Fx(x,y) + (f 2 (x) - f 2 (y))F 2 (x,y) = 1 (13) 
Proof. Let II = [0, l] 3 C M 3 , 7Tj be the coordinate functions on II (1 < i < 3). Set 

<Pi(A) = 7ri(A), (p 2 (\) = 7r 2 (A) + in 3 (X) 

7Ti(A) - 7Ti(m) , , 7T 2 (A) - i7T 3 (A) - 7T 2 (/i) + t7T 3 (/j) 

|A — |A — 

Then 

2 

1=1 

An easy calculation shows that $j G £ 2 ([0, l] 6 ). 

Let 7 be the standard Peano curve [0, 1] — > IT. It can be checked that y G L«pi/ 3 ([0, 1], M. 3 ] 
and 7 preserves the Lebesgue measure: mi(7 _1 (-E)) = m 3 (E), where m n is the Lebesgue 
measure on IR n . So, if we set f\(x) = <pi(y(x)), Fi(x,y) = $i(y(x),y(y)) then Fj G 
L 2 ([0, l] 2 , m 2 ), fi G Lipi /3 [0, 1] and (JTHD holds. □ 

Note that if fj in (fTTjj) are supposed to be real-valued then (|T3)) fails. Indeed, in this 
case Mf 17 M/ a is a pair of commuting self-adjoint operators, hence is 2-semidiagonal by 
Proposition 17.71 So it suffices to apply Proposition 18.11 
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9 Non- commutative version of Fuglede theorem; ex- 
tensions of Fuglede- Weiss theorem 

The well-known problem of the existence of an operator A for which the image of the 
derivation X ^ [A, X] has non-trivial intersection with the commutant of the operator A* 
can be formulated for general multiplication operators as the problem of the validity of the 
equality 

kerAnlmA = (14) 

or of the equivalent equality 

kerAA = kerA. (15) 

It should be noted that (fTKj) seems to be the "right" form of the "Fuglede Theorem 
for non-normal operators". Indeed, while the Fuglede theorem can be considered as the 
analogs for normal derivations of the fact that ker A = ker A*, for a normal operator A, the 
equality ()15|) is an analog of the equality ker A* A = ker A, for arbitrary operators. Clearly 
if (fT3j) holds and A commutes with A then ()15J) immediately gives ker A = ker A A = ker A. 
Since as we know there are multiplication operators with commuting normal coefficients 
for which ker A ^ ker A, the equality ()15j) fails in general. Nevertheless the following result 
shows that it holds for a broad class of multiplication operators. 

Theorem 9.1. If {Ak]k&K is l-semidiagonal then \15)) is valid. 

Proof. By Corollary 17.31 there exists a *-AIS for ($ 2 , A S2 , A) and ($, A e2 , A). The state- 
ment now follows from Corollary 16.101 applied to 7i = (5 2 , 2) = B(H), 7\ = A, T 2 = A, 
S = A &2 . ' □ 

Proposition 9.2. If {Ak}k&K is l-semidiagonal and AA(X) G &i, then A(X) G (5 2 . 

Proof. By Corollary E3 there exists a *-AIS for the pair (($ 2 ,A S2 ,A), ($ 2 , A© 2 , A)). 
Moreover, 

Apr) g A _1 (6i) n 1mA = A- l ($ 2 $* 2 ((B(Hy)) n ImA. 

Applying now Theorem 16.91 we obtain A(X) G <3> 2 ((5 2 ) = (5 2 . □ 

Let us write | |X| | 2 = oo if X (5 2 . In this notation the famous Fuglede- Weiss theorem 
|W3j states that 

\\AX - XB\\ 2 = \\A*X - XB*\\ 2 

for any normal operators A, B and any operator X. Our next task is to extend this result 
to hyponormal operators. 

Recall that an operator A G B(H) is said to be hyponormal if [A*, A] is positive. 

Theorem 9.3. Let A G B(H) be a hyponormal operator of finite multiplicity and let 
B G B(H) be such that B* is hyponormal. Then for each X G B(H) 

\\AX-XB\\o > \\A*X- XB*\U. 
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Proof. Let first X G 6 2 . Then 

\\AX - XB\\\ = tr((X*A* - B*X*)(AX - XB)) = 
= ti(X*A*AX - AXB*X* - XBX*A* + XBB*X*) > 
> tr(X*AA*X - AXB*X* - XBX*A* + XB*BX*) = \\A*X - XB* | g 

The inequality for arbitrary X follows now from Theorem 16.41 applied to jE = © 2 , 2) = 
B(H), Ti : X ^ AX - XB, T 2 : X ^ A*X - XB* and $ = Ti|© 2 . The only thing 
we need to show is the existence of All for (<£> 2 , Si, Ti) and, by Proposition 17.11 it would 
be sufficient to prove that A is 2-semidiagonal. But beacuse A is hyponormal and has 
finite multiplicity, A is almost normal, i.e. [A, A*} G ©i (see, e.g. [0]), and therefore 
2-semidiagonal by Proposition 17.81 □ 

Now we consider an extensions of the Fuglede- Weiss theorem to general multiplication 
operators with normal coefficients. 

Let A = {A k } keK and B = {B k } k(zK, be two separately commutating families of normal 
operators satisfying (fTTj) . 

Proposition 9.4. Suppose that for each j G J we are given bounded functions fj, Uj on 
a (A) and gj, Vj on er(B) such that 

\^2fj( x )9j(y)\ < \^Uj(x)vj(y)\. 

jeJ j&J 

If ess-dim (A) < 2, all fj G Lip%(a(A)) and X^jgj ll/jlliipi < °°> then 

||^^(B)^(A)|| 2 < ||^^(B)^(A)|| 2 (16) 

jeJ j&J 

for eachX e B(H). 

Proof. Let Ai(X) = J^jeJ 9j( M ) X fj( A ) and A 2 (Jf) = J2jeJ v A M ) Xu A A ) ■ The assump- 
tion on cr(A) and the functions fj, j G J, implies ess-dim({/_ ? (A)} je j) < 2. By Proposi- 
tion 17.71 {fj(&)}jeJ is 2-semidiagonal and hence there exists an All for ($ 2 , (Ax)& 2 , AjJ. 
Using the same arguments as in the proof of Proposition 19 .3| we see that it is enough to 
show the inequality (fT6*|) for X G (5 2 . For this we consider the families A, B concretely 
represented as (Akf)(x) = a k (x)f(x) on L 2 (T,/j) and (B k g)(x) = b k (x)g(x) on L 2 (S', z/) 
(a fc G LooiTjfi), b k G L^S, v)). Then X G © 2 (L 2 (T, /x), T 2 (S', z/)) is an integral operator 
with a kernel K(x, y) G T 2 (T x S, fi x z/) and so are the operators Aipf) and A 2 (A) with 
kernels 

Kx(x,y) = K(x,y)^2f j (a(x))g j (b(y)) and K 2 (x,y) = K(x,y)^2u j (a(x))v j (b(y)) 
jeJ j&J 

respectively, where a(x) = (a k (x)) k£ K, b(x) = {b k (x)) k( zK- Since a(x) G er(A), b(y) G cr(B) 
for almost all (x, y) G T x S 1 , we have 

< |X 2 (x,y)| a.e., 
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whence 

ll^pOH^IIAspOH*. 



□ 



We mention two special cases of this result; they extend to "long" multiplication oper- 
ators the Fuglede- Weiss and Fuglede theorems respectively. 

Corollary 9.5. // ess-dim (A) < 2, then 

\\Y,B k XA k \\ 2 = \\Y,BlXAl\\ 2 (17) 

for any X G B(H). 

Corollary 9.6. Let A be a normal operator, f k G LipiO-(A), such that ||/fe||L pl < °°; 

k£K 

and let A k = f k {A). Then the equations A k XBk = and A* k XE>l = are equivalent 

k£K k&K 

in B{H). 

Proof. By the assumptions ess-dim {A k }keK < 2. The statement now trivially follows 
from Corollary 19.51 □ 

It would be desirable to have a "qualitative" version of non-commutative Fuglede Theo- 
rem which would imply simultaneously the Fuglede- Weiss theorem for a sufficiently general 
class of multiplication operators. The following result is a first step in this direction. 

Proposition 9.7. If the coefficient family {Ak}k^K of A is 1-semidiagonal then 

\\A(X)\\l = tr(X*AA(X)) (18) 

for any compact operator X such that AA(X) G Si. 

Proof. Follows from Theorem \6.9( ii) and Corollary 17. 'St i). □ 

Clearly the proposition shows that on ©oo ker A A = ker A (a restrictive form of The- 
orem I9.1j) . On the other hand if A has normal coefficients and, for some X G ©oo; 
AApf) G 6i then AA(X) G 6i and from JIBJ) we get ||A(X)||1 = \\A(X)\\ 2 2 - a special 
case of Corollary 19.51 

Clearly, the "Fuglede theorem" for arbitrary A holds in (5 2 and therefore in & p , p < 2. 
Now we will show that for its validity in & p , p > 2, some restrictions on the coefficient 
families are necessary. 

Proposition 9.8. For any p > 2 there is a multiplication operator A with commuting 
normal coefficients satisfying (10) such that the equations A(X) = and A(X) = are 
non- equivalent in & p . 
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Proof. Using the arguments in iR, 7.8.3-7.8.6] one could show that there are sequences 
c G Z P (Z) and d G / 1 (Z) such that c * d = and c * d 7^ where c? n = cL n . Let c? n = a n b n 
with |a n | = \b n \, for each n G Z. We denote by C/ the bilateral shift acting on the space 
l 2 (Z) (Ue n = e n+ \, where (e n ) is the standard basis) and set A n = a n U n , B n = b n ll~ n , 
X = diag(c) which means that Xe n = c n e n . Clearly {A n } ne i, {B n } ne z are commuting 
families of normal operators satisfying (10) and X G & p . An easy calculation shows that 

A n XB n = diag{d * c) = 0, ^ K X K = {diag{d * c))* ^ 0. 

nGZ neZ 

□ 

A very interesting result of Weiss |W2j states that if the coefficient families A, B are 
(normal and) finite then equality (JT7j) is valid for any X such that A(X) and A(A) belong 
to ©2- We will finish this section by showing how this result may be obtained by using the 
technique of intertwinings. The intermediate steps of the proof are of their own interest 
and will be used in the next section. 

Lemma 9.9. If card K < 00 then &i H ker A@ 2 is &2-dense in ker Ag 2 - 

Proof. Using the spectral theorem we represent our operators A k , B k as (A k f)(x) = 
a k (x)f(x) on E x = L 2 (X,fx) and {B k g){y) = b k {y)g{y) on H 2 = L 2 (Y, v). Set 

$(z, y) = J2 fk( x )9k(y) and E = {{x, y) G X x Y \ $(x, y) = 0}. 

k&K 

The space &2{Hi,H 2 ) is naturally identified with L 2 (X x Y, m), where m = \l x v. 
Moreover, one can easily see that an operator T belongs to ker Ae 2 iff the corresponding 
kernel K(x,y) G L 2 (X x Y, m) satisfies 

K(x,y)$>(x,y) = m-almost everywhere. 

This means that the space ker Ae 2 is isomorphic to the space of all functions K G L 2 (X x 
Y, m) vanishing outside E m-almost everywhere, i.e. to the space L 2 (E, m). Since card K < 
00, we have, by Corollary 12.51 that E is r-pseudo-open, i.e. it is a union of a countable 
number of rectangles Ai x Bi, Ai C X , Bi C Y and a m-null set. Therefore 

L 2 (E,m) ~ ®ZiM A i x Bi,m). 

It remains to see that for each rectangle II the space -^(II, m ) is generated by functions of 
type f{x)g{y) corresponding to operators of rank one, the proof is complete. □ 

W* 

Let A(B(H)) denote the weak*-closure of A(B(H)). 
Corollary 9.10. If card K < 00 then 

w* 

A(B(H)) n6 2 nkerA = {0}. (19) 
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Proof. Let X G A(B(H)) W : X = lim t A(Z t ). For any Y G 61 n ker A we have 

tv(Y*X) = limtr(Z((A(y))*). 

Hence if X G ©2 then by the previous lemma tr(Y*X) = for any Y G ©2 H ker A. So if 
also X G ker A then tr(X*X) = and X = 0. □ 

Corollary 9.11. FWf . //card X < oo ; A(X), A(X) G 6 2 toen Q holds. 

Proof. The equality (fTTI|) implies immediately that the ©2-closures of (Im A) D ©2 arid the 
62-closure of (Im A) fl &2 have trivial intersections with ker A. Now the result follows 
directly from Proposition 16.51 □ 



10 Linear operator equations with normal coefficients. 

The purpose of this section is the study of the thin spectral structure of the multiplication 
operators with commuting normal coefficients satisfying The results will be applied in 
the next section to the individual synthesis in Varopoulos algebras, convolution equations 
and partial differential equations with constant coefficients. 

Lemma 10.1. Let (fi, /x) be a space with finite measure. Assume that fl is metrizable 
such that m p (Q) < 00, where m p is the Hausdorff measure corresponding to the measure 
function h(r) = r p . IfT : L,2(Q, jj) —>■ H is such that 

\\TP(a)\\ 2 < C(diam af 

for any a C fl, where P{a) is the multiplication operator by the characteristic function of 
a, then T G ©2(^2(^5 A 4 ), H) and 

\\T\\\ < Cm p (fl). 

Proof. For any covering £ = (a\ , . . . , at n ) of fl, set \£\ = X]fc=i(diam ak) p . Let = 
where Xfc is the characteristic function of ctk, and let Qs be the projection onto 
the linear span of {efc}£ =1 in L 2 (fl,fi). Then 

n 

\\TQe\\ &2 =J2W Tek W 2 ^ °\ S \- 
fe=i 

Taking a sequence of coverings {£j} such that £j+i is a refinement of £j and \£j 
we obtain Qs ^ s 1 and 

\im\\TQ £j \\ 2 62 <Cm p (fl). 
Therefore, T G 6 2 and ||T||| 2 < Cm p (fl). 



m p (fl), 



□ 
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Let A(X) = J2 k£K B k XA k , where A = {A k } k€K , B = {B k } keK are families of com- 
muting normal operators acting on Hilbert spaces Hi and H 2 respectively and satisfying 
(JHJ). Recall that by £a(0) we denote the space 

{TeB(H u H 2 ) | \\A n {T)\\V n ^Q,n^oo}. 

Lemma 10.2. Assume that ess-dim A < 2n and A has a cyclic vector. Then 



A n (X) e & 2 

for any X G £ a(0). 

Proof. Without loss of generality we can assume that dim a (A) < 2n. Let a be a closed 
subset of cr(A), A' k = A\ Ea ^ Hi , A' is the multiplication operator with coefficients {A' k } ke K, 
{B k } and X' = X\E h ( a )H\. Then it is easy to check that X' G £a'(0). Applying Lemma IHT21 
to A', X' we obtain the equality 

\\A(X)E A (a)\\ < 2(J2 ||5*|| 2 ) 1/2 ||X||(diam a). 

keK 

Changing repeatedly X by A(X)E A (a) we obtain 

\\A n (X)E A {a)\ \ < C{dmm a) 2n , 

where C=(2(E fc ^||5 fc || 2 ) 1/2 ||X||) 2 «. 

It remains to note that since dim cr(A) < 2n, we have m2 n (c(A)) < oo, and, since 
A has a cyclic vector, E A (a) the multiplication by the characteristic functions of a on 
L,2((t(A), /i), where /x is the scalar spectral measure of A. The statement now follows 
directly from Lemma fl(). II □ 

Theorem 10.3. If ess-dim (A) < 2, then £ A (0) = ker A. 

Proof. Assume first that A has a cyclic vector. If X G £a(0), then, by Lemma 110.21 
A(X) G $ 2 (6 2 ). We have 



Apf) G £ A (0) n 6 2 = ^a 62 (0) = ker A S2 = ker(A S2 )*. 

The last equality holds because A S2 is normal. Therefore, by Corollary 16.21 A(X) G 
$ 2 (kerA^ 2 ) nim A = {0}. 

Generally, decompose H into a direct sum of subspaces H = ©^ifj-, where each 
Hj is invariant with respect to {A k } kG K and {A k } ke K\ H] has a cyclic vector. Then each 
X G B{H) can be written as a row operator X = (X 1; X 2 , . . .), where Xj = X\jj., and 
A(X) = (Ai(Xi), A 2 (X 2 ), . . .), where Aj is the restriction of A to B(Hj, H). Now if 
X G 5a (0), Xj G £ Aj (0) ker Aj and hence X G ker A. □ 

Corollary 10.4. If card K < oo and ess-dim (A) < 2n t/ien £a(0) = ker A n 
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Proof. We can assume that {A k } k€K has a cyclic vector (the general case reduces to this 
one as above). By Lemma [10.21 A n (X) G & 2 for any X G £a(0). The arguments similar 
to one in the proof of Theorem I10.3j gives 

A n (X) G Im A n n ker A^ clmAfl ker A^. 

Therefore it is enough to show that Im A D ker A* &2 = {0}. But this follows immediately 
from Corollary 19.101 □ 

Let X be a Banach space and let T be a linear mapping on X. The ascent, asc T, is 
defined as the least positive integer n such that kerT n = kerT n+1 . If no such integers exist 
we put asc T = 00. Since ker A fc C £a(0), we obtain from Corollary 110.41 an estimate of 
the ascent 

ess-dim (A) < 2n asc A < n (20) 
or setting [x] = — [— x), the smallest integer > x, 

asc A < (^ess-dim (A)] (21) 

This implies a more simple and rough result: asc A < k = card K. Somewhat more precise 
(but of course also rough) estimate is given in the following result: 

Proposition 10.5. asc A < k — 1. 

Proof. Clearly, if A has length k then, by (|2*T|) . asc (A — zl) < k for any constant z. 

Assume first that the operators A\, B\ are invertible and denote by Ra 1 , L Bl the right 
and the left multiplication by A\ and B\ respectively. Then 

A = R Al L Bl (A' + l), 

where A' is a multiplication operator of length < k — 1. Since clearly asc A = asc (A'+ 1), 
we obtain asc A < k — 1. 

To prove the statement in general case consider the hyperplane S = {(^) G C k | z\ — 0} 
and the set M of all closed subsets K C C k such that either K n S — $ or K = S. Let Q 
be the family of the projections Re a (Ki)Le b (k 2 )-> K\-> ^2 G M. One can easily see that Q is 
complete, meaning that, for any X G B(Hi,H 2 ), the closed subspace generated by P(X), 
P G Q, contains X. 

Next we note that 

asc A = sup{asc(AP) | P G Q} 

for any complete family Q of projections commuting with A and that for any such pro- 
jection P either asc(AP) = 1 or asc(AP)asc(AP|px), X = B(Hi,H 2 ). Hence it is enough 
to show that asc (AP\px) < n — 1 for any P G Q. But if some of K\ and K 2 equals 
5" then for P = R Ea ( Ki )L Em ( K2 ), Ra 1 L Bi P = and AP|px has length < n — 1 implying 
asc (AP\px) < n — 1. Otherwise, the restrictions of the operators R Al , L Bl to PX are 
invertible reducing the problem to the case treated in the beginning. □ 
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Remark 10.6. Proposition 110.51 being much less general than (|21J1 has its advantages. 
For example, it implies immediately the result of Weiss |W3j on multiplication operators 
of the length 2. 

Corollary 10.7. If ess-dim (A) < 2, then the solution space of the equation 

B k XA k = 

k&K 

is reflexive. 

Proof. It follows from Theorem 110.31 Proposition 15.11 and Corollary 14.81 □ 

In the next section it will be shown that this statement can be regarded as an operator 
version of the Beurling-Pollard theorem on synthesis of Lipi/2-functions on the circle. 

11 Individual synthesis in Varopoulos algebras; some 
applications 

We can now return to our initial topic and apply Proposition 14.51 and Theorem 110.31 to 
obtain a criterium for synthesis of functions in the Varopoulos algebra V(X, Y). 

Theorem 11.1. Let F = £Si fi <g> g { G V(X,Y), f(x) = (f 1 (x),f 2 (x),...) G l 2 . If 
dim f(X) < 2, then F admits spectral synthesis. 

Proof. Take arbitrary borel measures //, v on X, Y and let be the multiplication 
operator as defined in Section 0] Then its left coefficient family A = coincides 
with {M/J^i, whence a (A) C f(X), dim a (A) < dim f(X) < 2. The statement now 
follows from Theorem 110.31 and Corollary 14.81 □ 

Note that if dim X = 1 (or 2) and fi G Lipi/ 2 (X) (respectively fi G Lip(X)) with the 
Lipschitz constants Cj such that ^ Cj < oo the theorem says that F(x, y) = fi{ x )9i{y) 
admits spectral synthesis in V(X, Y). This shows that Theorem 111 . II can be considered as 
a tensor algebra version of the Beurling-Pollard theorem and Corollary II . 71 as its operator 
version. 

Theorem 11.2. Let F(x,y) = Yh=i fi( x )9i(y) e V(X,Y). Let m = (dim f(X)/2], where 
f : X — > C k is the map x \— > (fx(x),...,fk(x)). Then the sequence of closed ideals 
Jj = FiV(X,Y) of V(X,Y) stabilizes on a number n < m. Moreover, for any Banach 
module M over V(X, Y) the sequence of submodules F^M stabilizes on a number n <m. 

Proof. Clearly the annihilator Jj- of Jj in V(X, Y)' coincides with the space 

Wj = {Be V(X, Y)' | F j B = 0}. 
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It suffices to prove that W m+ i = W m . Let B G W m+ \. As in the proof of Proposition 14.51 
there are measures fi, v on X, Y and an operator T : L 2 (X, //) — > L 2 (Y, v) such that 

(u ®v,B) = (Tu,v) 

for any u G C(X), u G C(Y). 

If Aj? is the multiplication operator corresponding to F then for its left coefficient 
family A = {M^}^, we have <r(A) C f{X), and dim er(A) < dim f(X). The bimeasure 
FB corresponds to the operator Ap(T), F^B to A F (T). Thus T G ker Ap m +i = ker Apm 
by (EU), and 5 G W m . 

We actually established that F m = lim^ F m+1 Gj for some sequence {Gj} in V(X, Y). 
This implies immediately the equality F m M = F m+1 M for any Banach module M. □ 

Next results relate the problematic with harmonic analysis and ordinary differential 
equations. Let T denote the Fourier transform (acting in any of the spaces of ordinary or 
generalized functions considered below), D be the space of compactly supported infinitely 
differentiable functions on R n , D' its dual space, JFL^R™) the Fourier algebra, PM(R") 
the space dual to FLiiW 1 ) (the space of pseudomeasures) , <p * ij) the convolution of two 
functions in D. The imbedding PM C D' permits one to consider the distribution p$ G D' 
for any polynomial p in n variables and any pseudomeasure $. 

Corollary 11.3. Letp be a polynomial in two variables then for $ G PM(R 2 ) the inclusion 
supp $ C p _1 (0) is equivalent to the condition p$ = 0. 

Proof. Let supp $ C p _1 (0). Clearly, there exist polynomials s«, r^, 1 < % < N, such 
that p(x — y) — 5^i=i s i( x ) r i(y)i x i V ^ F° r u, v & D set = -u(x)sj(x) and 

= v(y)ri(y). Since the Fourier transform JF$ of a pseudomeasure $ belongs to 
Loo(lR 2 ) we have a well-defined bounded operator T = T~ x Mj:^T on L 2 (IR), here Mjf$ is 
the multiplication operator by the function JF$. T is supported in 

£={(x,|/)Gl 2 xl 2 |i-|/G supp $}. 

In fact, for /, g G L 2 (R 2 ), one can easily see that 

(Tf,g) = {$,f*§), 

where 0(a;) = <p(—x). Let a, /3 be closed sets such that (ax/5)n£ = 0. Since -E is closed, 
there exist open sets a D a, /3 Q D /3 such that a x /3 does not intersect i£. For every pair 
of functions f,gE L 2 (R 2 ) fl C(R 2 ), which vanish outside the sets a and /3 respectively, 
we have supp (f * g) C supp (/) — supp (g) C a — /3 , and since (a — /3 ) fl supp $ = 0, 
we have (T/, <?) = ($,/* f) = 0, implying M X0 TM XaQ = and M X/3 TM Xa = 0. By the 
regularity of the Lebesgue measure we have that this is true for any Borel sets a, (5. Clearly 

TV 

E C {(x, y) G R 2 x R 2 | p(x - y) = 0} C {(x, y) G R 2 x R 2 | a^b^y) = 0}. 

i=l 



39 



Since a, are smooth functions on IR 2 , we have that ess-dim ({M a .}) < 2. Applying now 
Proposition ^. 7l and Theorem ll0.3l we conclude that ^ M b .TM ai = 0. A direct computation 
shows that for (p, ip G D 



N 



(J2 M bi TM ai <f, if)) = (p$, mp * mf)), 
i=i 

where (•, •) is the pairing of the spaces D and D'. Therefore, uip * vip) = 0, for any u, 
(p, v, if) G D; this shows that p$ = 0. 

The reverse implication is obvious. □ 

Corollary 11.4. The space of all bounded solutions of the equation 

^J?'!^ < 22) 

in IR 2 is completely determined by the variety of zeros of the polynomial p in M 2 . 



Proof. The equation is equivalent to p$ = 0, where $ = T~ x u is a pseudomeasure. 
By Corollary lll.3[ the space of its solutions is the set of all pseudomeasures such that 
supp $ C J5 _1 (0). □ 

Remark 11.5. (i) The result of Corollary II 1 .41 clearly extends to a wide class of infinite 
order equations (that is (|22|) with a smooth functions p instead of polynomial). 

(ii) For polynomials in n > 2 variables the result obtains the following form: if p, q are 
polynomials with p _1 (0) C q~ l (0) then any bounded solution of the equation 

P( l Tr~ ' • • • ) u = 

OXi ox n 

satisfies the equation 

/ 9 d Nm 

q(i—,...,i—-) m u = 0, 
OX i ox n 

where m = (n/2]. For the proof one should only use Corollarv ll0.4l instead of Theorem llO.31 
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